Finiteness Theorems for Limit Cycles

Yu. S. Ilyashenko

To my family:
Lena
Serezha
Lizochka
Aleksandr






Foreword

This book is devoted to a proof of the following finiteness theorem:

A polynomial vector field on the real plane has a finite number of limit cycles.

Some related results are proved along with it.

At the time of the discovery of limit cycles more than one hundred years ago
Poincaré posed the question of whether the number of these cycles is finite for
polynomial vector fields. He proved that the answer is yes for fields not having
polycycles (separatrix polygons).

In a series of papers between 1889 and 1923, Dulac, a student of Poincaré,
advanced greatly the local theory of differential equations (his achievements were
finally understood only in the 1970s and early 1980s), and he presented a proof of
the finiteness theorem in the memoir “Sur les cycles limites” (1923). In 1981 an error
was found in this proof. The 1923 memoir practically concluded the mathematical
creativity of Dulac. In the next thirty-two years (he died in 1955) he published
only one survey (1934). Did he discover the error in his paper? Did he attempt
to correct it during all his last years? These questions will surely remain forever
unanswered.

To prove the finiteness theorem it suffices to see that limit cycles cannot accu-
mulate on a polycycle of an analytic vector field (the nonaccumulation theorem).
For this it is necessary to investigate the monodromy transformation (also called
the Poincaré return mapping or the first return mapping) corresponding to this
cycle. The investigation in this book uses the following five sources.

1. The theory of Dulac. This theory enables us to investigate the power
asymptotics of the monodromy transformation. However, there exists a polycycle
of an analytic vector field whose monodromy transformation has a non-identity
flat correction which thus decreases more rapidly than any power (the correction
of a mapping is the difference between it and the identity). Therefore, power
asymptotics are clearly insufficient for describing monodromy transformations.

2. Going out into the complex domain. The first systematic investigation of
the global theory of analytic differential equations on the complex projective plane
was undertaken by Petrovskii and Landis in 1955. By extending the solutions of
an analytic differential equation into a neighborhood of a polycycle in the complex
plane, the author was able to prove the nonaccumulation theorem for a polycycle
whose vertices are nondegenerate saddles (1984). This step was taken under the
influence of the work of Petrovskii and Landis.

3. Resolution of singularities. This procedure, which reduces in its simplest
variant to a finite series of polar blowing-ups (transitions from Cartesian coordinates
to polar coordinates), enables us to essentially simplify the behavior of the solutions
in a neighborhood of singular points of a vector field. The theorem on resolution of
singularities asserts that in finitely many polar blowing-ups a compound singular
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iv FOREWORD

point of an analytic vector field can be replaced by finitely many elementary singular
points. The latter is the name for singular points at which the linearization of the
field has at least one nonzero eigenvalue. The greatest complexity in the structure
of the monodromy transformation is introduced by degenerate elementary singular
points with one eigenvalue equal to zero and the other not equal to zero. They are
investigated by methods of the geometric theory of normal forms.

4. The geometric theory of normal forms. Formal changes of variables enable
us to reduce the germs of vector fields at singular points and the germs of dif-
feomorphisms at fixed points to comparatively simple so-called “resonant” normal
forms (synonym: Poincaré-Dulac normal forms). As a rule, the normalizing series
diverge when there are resonances, including the vanishing of an eigenvalue of the
linearization (Bryuno, 1971; the author, 1981).

In this case the normal form is given not analytically as a series with a “rela-
tively small number” of nonzero coefficients, but geometrically as a so-called “nor-
malizing atlas.” Namely, a punctured neighborhood of a singular point in a complex
space is covered by finitely many domains of sector type that contain this singular
point on the boundary. In each of these neighborhoods the vector field is analyt-
ically equivalent to its resonant normal form; a change of coordinates conjugating
the original field with its normal form is said to be normalizing. A collection of nor-
malizing substitutions is called a normalizing atlas. All the information about the
geometric properties of the germ is contained in the transition functions from one
normalizing substitution to another. The nontriviality (difference from the identity
transformation) of these transition functions constitutes the so-called “nonlinear
Stokes phenomenon.” (A collection of papers by Elizarov, Shcherbakov, Voronin,
Yakovenko, and the author will be devoted to this phenomenon.) It was first inves-
tigated for one-dimensional mappings by Ecalle, Malgrange, and Voronin in 1981.
Normalizing atlases for germs of one-dimensional mappings are so-called functional
cochains and play a fundamental role in the description of monodromy transforma-
tions of polycycles.

5. Superexact asymptotic series. These series are for use in describing as-
ymptotic behavior with power terms and exponentially small terms simultaneously
taken into account, and perhaps also iterated-exponentially small terms.

The structure of the book is as follows. In the Introduction we present all
results about the Dulac problem obtained up to the writing of this book, with
full proofs. An exception is formed by results in the local theory and theorems
on resolution of singularities; their proofs belong naturally in textbooks, but such
texts have unfortunately not yet been written. Superexact asymptotic series are
discussed at the end of the Introduction and historical comments are given.

In the first chapter we give a complete description of monodromy transforma-
tions of polycycles of analytic vector fields and prove the nonaccumulation theorem.
The main part of the chapter is the definition of regular functional cochains, which
are used to describe monodromy transformations. This description is based on the
group properties of regular functional cochains. Their verification recalls the prov-
ing of identities. However, since the definitions are very cumbersome, many details
must be checked, and this takes a lot of space: Chapters II, IV, and, in part, V.
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One of the most important properties of regular functional cochains is that
they are uniquely determined by their superexact asymptotic series (STAR)' This
is an assertion of the same type as the Phragmén—Lindel6f theorem for holomorphic
functions of a single variable; it is used without proof in Chapter I and is proved
in Chapter IIT and part of Chapter V.

Finally, the partial sums of STAR do not oscillate. This is established in §4.10.
The proof of the nonaccumulation theorem is thus based on the following chain of
implications.

A monodromy transformation has countably many fixed points = the STAR
for its correction is zero (since the partial sums of the nonzero series do not oscillate)
= the correction is zero by the Phragmén—Lindel6f theorem.

The introductory chapter overcomes all the difficulties connected with differ-
ential equations and reduces the finiteness theorem to questions of one-dimensional
complex analysis.

The ideas for the proof presented were published by the author in the journal
Uspekhi Mathematicheskikh Nauk 45 (1990), no. 2. This paper is the first part
of the proposed work, of which the second part—the present book—is formally
independent. In the first part the nonaccumulation theorem is proved for the case
when the monodromy transformation has power and exponential asymptotics but
not iterated-exponential asymptotics. The scheme of the paper is close to that
of the book: the four sections of the paper are parallel to the first four chapters
of the book and contain the same ideas, but there are essentially fewer technical
difficulties in them. The reading of the paper should facilitate markedly the reading
of the book. However, the text of the book is independent of the first part, and it
is intended for autonomous reading.

Some words about the organization of the text. The book is divided into chap-
ters and sections; almost all sections are divided into subsections. The numbering
of the lemmas begins anew in each chapter, and the formulas in a chapter are
labelled by asterisks; the labelling for formulas and propositions begins anew in
each section. References to formulas and propositions in other sections are rare. In
referring to a subsection of the same section we indicate only the letter before the
heading of the subsection, and in referring to a subsection of another section of the
same chapter we indicate the number of the chapter and the section; in referring
to another chapter we indicate the chapter, section, and subsection.

I received a great deal of diverse help in writing this book from R. I. Bogdanov,
A. L. Vol'berg, E. A. Gorin, V. P. Gurarii, P. M. Elizarov, A. S. IlI’yashenko,
E. M. Landis, A. Yu. and V. M. Nemirovich-Danchenko, and A. G. Khovanskii. To
all of them I express warm gratitude.

The several years spent writing this book were a heavy burden on my wife and
children. Without their understanding, patience, and love the work would certainly
never have been completed. I dedicate the book to my family.

IThis is the Russian abbreviation of Super Exact Asymptotic Series (Ceepx Tounbie Acumi-
rormaeckue Panpr). It is chosen because it seems to sound better in English than the English
abbreviation.






Introduction

§ 0.1. Formulation of results: finiteness theorems and the identity
theorem

In this section we formulate the main results: three finiteness theorems, the
nonaccumulation theorem, and the identity theorem. Then we derive the first four
theorems from the fifth.

A. Main theorems. This book is devoted to a proof of the following results.

THEOREM 1. A polynomial vector field on the real plane has only finitely many
limit cycles.

THEOREM II. An analytic vector field on a closed two-dimensional surface has
only finitely many limit cycles.

THEOREM III. A singular point of an analytic vector field on the real plane has
a neighborhood free of limit cycles.

These three theorems are called finiteness theorems.

As known from the times of Poincaré and Dulac ([?, ?]; a detailed reduction
is carried out in §0.1B), the first two theorems are consequences of the following
theorem.

THEOREM IV (nonaccumulation theorem). An elementary polycycle of an an-
alytic vector field on a two-dimensional surface has a neighborhood free of limit
cycles.

Recall that a polycycle of a vector field is a separatrix polygon; more pre-
cisely, it is a union of finitely many singular points and nontrivial phase curves
of this field, with the set of singular points nonempty; solutions corresponding to
nontrivial phase curves tend to singular points as t — +oo and t — —o0; a polycy-
cle is connected and cannot be contracted in itself to some proper subset of itself
(Figure 1, next page).

A polycycle is said to be elementary if all its singular points are elementary,
that is, their linearizations have at least one nonzero eigenvalue.

The monodromy transformation of a polycycle is defined in the same way as
for an ordinary cycle, except that a half-open interval is used in place of an open
interval (Figure 2). It is convenient to regard monodromy transformations as germs
of mappings (R*,0) — (R*,0).

THEOREM V (identity theorem). Suppose that the monodromy transformation
of polycycle of an analytic vector field on a two-dimensional surface has countably
many fized points. Then it is the identity.

1



2 INTRODUCTION

FIGURE 1

FIGURE 2

B. Reductions: A geometric lemma. The logical connections between
Theorems I to V are shown in Figure 3. We strengthen the nonaccumulation The-
orem IV by replacing the word “elementary” by the word “any.” At the end of the
subsection this new theorem will be derived from the identity theorem. In turn, it
immediately yields Theorem III: a singular point is a one-point polycycle. Theorem
IIT is singled out because its assertion has been widely used in the mathematical
literature and folklore without reference to Dulac’s memoir [?], the only source
laying claim to a proof, though not containing one.

Theorem II also follows from the strengthened nonaccumulation theorem. In-
deed, assume that it is false, and there exists an analytic vector field with countably
many limit cycles on a closed two-dimensional surface.

GEOMETRIC LEMMA. Suppose that an analytic vector field on a closed two-
dimensional surface has a sequence of closed phase curves. Then there exists a
subsequence of this sequence accumulating on a closed phase curve or a polycycle
(recall that a polycycle can degenerate into a point).
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FIGURE 4

REMARK. This lemma is true for smooth fields with singular points of finite
multiplicity, and is false for arbitrary smooth fields: the limit set for such fields can
be a “separatrix polygon with infinitely many sides” (Figure 4).

Everywhere below, “smoothness” means “infinite smoothness,” and “diffeomor-
phism” means a C°°-diffeomorphism.

PROOF. We prove the geometric lemma for the case when the surface in it is
a sphere. Consider a disk on the sphere that does not intersect the countable set
of curves in the given sequence. The stereographic projection with center at the
center of the disk carries the original vector field into an analytic vector field on
the plane that has a countable set of closed phase curves in some disk. It can be
assumed without loss of generality that the number of singular points of the field
in each disk is finite: otherwise the analytic functions giving the components of the
field would have a common noninvertible factor, and by dividing both components
by a suitable common analytic noninvertible factor we could make the resulting
field have only finitely many singular points in each compact set. The closed phase
curves of the original field remain phase curves of the new field.

Only finitely many curves in the sequence under consideration can be located
pairwise outside each other: inside each of these curves is a singular point of the
field, and the number of singular points is finite. Consequently, our sequence de-
composes into finitely many subsets called nests: each curve of a nest bounds a
domain with a countable set of curves of the same nest outside it or inside it. Take
a sequence of curves of a nest; it is possible to take one point on each of them in such
a way that the sequence of points converges. Then the chosen sequence of curves
accumulates on a connected set y. By the theorem on continuous dependence of
the solutions on the initial conditions, this set consists of singular points of the
equation and of phase curves. The considerations used in the Poincaré—Bendixson
theorem enable us to prove that these curves go from some singular points to others
if v is not a cycle. Up to this point the argument has been for smooth vector fields.
However, in the smooth case the set v can contain countably many phase curves
going out from a singular point and returning to it: a singular point of a smooth
field can have countably many “petals” (Figure 4). This pathology is prevented by
analyticity, as follows from the Bendixson—Dumortier theorem formulated below in
80.1C. This implies that -y is a closed phase curve or a polycycle.

The proof is analogous when the sphere is replaced by an arbitrary closed
surface, but additional elementary topological considerations are needed, and we
do not dwell on them. 0



4 INTRODUCTION

All the subsequent arguments are also given for the case when S is a sphere.

This concludes the derivation of Theorem II from the strengthened nonaccu-
mulation theorem.

We derive this last theorem from the identity theorem. To do that is suffices
to prove that a monodromy transformation is defined for the polycycle v in the
geometric lemma (the limit cycle corresponds to a fixed point of the monodromy
transformation). For this, in turn, it is necessary to make more precise the definition
given in §0.1A on an intuitive level.

DEFINITION 0.1.1. A semitransversal to a polycycle of a vector field on a surface
S is defined to be a curve ¢: [0,1) — S satisfying the following conditions: the
point (0), called the vertex of the semitransversal, lies on the cycle; the curve ¢
is transversal to the field at all points except perhaps the vertex.

Using the word loosely, we also call the image of ¢ a semitransversal.

DEFINITION 0.1.2. A polycycle v of a vector field is said to be monodromic if
for an arbitrary neighborhood U of the cycle there exist two semitransversals I and
I” with vertex on ~, one belonging to the other, that have the following properties:
the positive semitrajectory beginning at an arbitrary point ¢ on I' intersects I at
a positive time, with the first such point of intersection denoted by A(q); the arc of
the semitrajectory with initial point ¢ and endpoint A(q) lies in the neighborhood
U.

The germ of the mapping p~! o Ao g: (RT,0) — (RT,0) is called the mon-
odromy transformation of the polycycle v and denoted by A,.

We now take a transversal to the polycycle v constructed in the geometric
lemma; let v, be a sequence of closed phase curves accumulating on . One of
the semitransversals of this transversal intersects countably many curves in this
sequence. The curves 7, and 7,41 bound a domain homeomorphic to an annulus;
let T',, be the intersection of this “annulus” with I'. It can be assumed without loss
of generality that there are no singular points inside this annulus, since there are
only finitely many such points. Consequently, by the theorem on extension of phase
curves, the monodromy transformation I';, — I',, is defined. This implies that the
polycycle v is monodromic. The strengthened nonaccumulation theorem thereby
follows from the identity theorem.

Finally, Theorem I is a simple consequence of Theorem II. The reduction is
carried out with the help of a well-known construction of Poincaré (Figure 5). Con-
sider a sphere tangent to the plane at its South Pole, and a polynomial vector field
on the plane. We project the sphere from the center onto this plane. Everywhere
off the equator of the sphere there arises an analytic vector field that is “lifted
from the plane” and tends to infinity on approaching the equator. Multiplying
the constructed field by a suitable power of the analytic function “distance to the
equator,” we get a new field with finitely many singular points on the equator,
and hence on the entire sphere. By Theorem II, it has finitely many limit cycles.
Thus, the original field on the plane also has finitely many limit cycles. This proves
Theorem I.

We remark that the identity theorem is obvious in the case when ~ is a closed
phase curve. In this case the monodromy transformation A, is the germ of an
analytic mapping (R,0) — (R,0). If the limit cycles accumulate on ~, then the
mapping A, has a countable set of isolated fixed points that accumulate at an
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FIGURE 5

interior point of the domain of definition, which contradicts the uniqueness theorem
for analytic functions.

The proof of the identity theorem in the general case goes according to the
same scheme. The only difficulty is that isolated fixed points of the monodromy
transformation accumulate not at an interior point, but at a boundary point of the
domain of definition, and this is not forbidden for a biholomorphic mapping.

In the next subsection the strengthened nonaccumulation theorem is derived
from Theorem IV.

C. The reduction: Resolution of singularities. We recall the definition
of resolution of singularities (otherwise known as the o-process or blowing-up),
following Arnol’d [?]. Consider the natural mapping of the punctured real plane
R?\ {0} onto the projective line RP!': with each point of the punctured plane we
associate the line joining this point to zero. The graph of this mapping is denoted
by M; its closure M in the direct product R? x RP! is diffeomorphic to the Mobius
strip. The projection 7: R? x RP' — R? along the second factor carries M into
R?; the projective line L = RP! (called a glued-in line below) is the complete
inverse image of zero under this mapping; the projection 7: M — R?\ {0} is a
diffeomorphism.

The germ of an analytic vector field at an isolated singular point becomes
the germ of an analytic field of directions with finitely many singular points on a
glued-in line, as shown by the lemma stated below.

LEMMA (see, for example, [?, ?]). To an analytic vector field v given in a
neighborhood of the isolated singular point 0 in R? there corresponds an analytic
field of directions « defined in some neighborhood of a glued-in line L on the surface
M everywhere except for finitely many points located on L and called singular points.
Under the projection w: M — R?\ {0} the field o passes into the field of directions
generated by the field v. In a neighborhood of each singular point the field « is
generated by the analytic vector field .

The last assertion allows the o-process to be continued by induction.

A singular point of the field of directions is elementary if the germ of the field
at this point is generated by the germ of the vector field at an elementary singular
point.

THE BENDIXSON-DUMORTIER THEOREM ([?, 7, ?]). By means of finitely many
o-processes a real-analytic vector field given in a neighborhood of a real-isolated
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singular point on the plane R? can be carried into an analytic field of directions
given in a neighborhood of a union of glued-in projective lines and having only
finitely many singular points, each of them elementary and different from a focus
or a center.

The composition of o-processes described in the Bendixson—-Dumortier theorem
is called a nice blowing-up. A nice blowing-up enables us to turn an arbitrary
polycycle of an analytic vector field on the plane into an elementary polycycle with
the same monodromy transformation. This gives a reduction of the strengthened
nonaccumulation theorem to Theorem IV and concludes the proof of the chain of
implications represented in Figure 3.

§ 0.2. The theorem and error of Dulac

In this section we present a proof of the main true result in Dulac’s memoir
[?] and point out the error in his proof of the finiteness theorem. The scheme of
his argument lies at the basis of the proof of the identity theorem given below (see
subsection D).

A. Semiregular mappings and the theorem of Dulac.

DEFINITION 0.2.1. A Dulac series is a formal series of the form
oo
o=cx™ + Z Pi(Inz)x"7,
1

where ¢ > 0,0 <1y <---<vy; <---, v; — o0, and the P; are polynomials.

DEFINITION 0.2.2. The germ of a mapping f: (RT,0) — (R™,0) is said to be
semiregular if it can be expanded in an asymptotic Dulac series. In other words, for
any N there exists a partial sum X of the above series such that f(z)—%(x) = o(z?).

REMARK. The concept of a semiregular mapping is invariant: semiregularity
of a germ is preserved under a smooth change of coordinates in a full neighborhood
of zero on the line. This follows from

LEMMA 0.2.1. The germs of the semiregular mappings form a group.

The lemma follows immediately from the definition. The main true result in
[?] is

DurLAc’s THEOREM. A semitransversal to a monodromic polycycle of an an-
alytic vector field can be chosen in such a way that the corresponding monodromy
transformation is a flat, or vertical, or semiregular germ.

The proof of this theorem is presented in subsections E to H.

B. The lemma of Dulac and a counterexample to it. Dulac derived the
finiteness Theorem I from the preceding theorem and a lemma.

LEMMA. The germ of a semireqular mapping f: (RT,0) — (R*,0) is either
the identity or has the isolated fized point zero.

This lemma is proved in §23 of [?] with the help of the following argument. The
fixed point of the germ of f is found from the equation f(z) = z. If the principle
term in the Dulac series for f is not the identity, then this equation has the isolated
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solution 0. If the principal term in the series is the identity but f itself is not the
identity, then the equation f(z) = x is equivalent to the equation

(2.1) "' Pi(Inz) + o(z*) = 0,

where P; is a nonzero polynomial. This equation has the isolated root 0. Namely,
dividing the equation by z"*, we get an equation not having a solution in a suffi-
ciently small neighborhood of zero. Indeed, the first term on the right-hand side of
the new equation has a nonzero (perhaps infinite) limit as x — 0, while the second
term tends to zero. This concludes the proof of the lemma.

The lemma is false: a counterexample is supplied by the semiregular mapping
f:x— xz+e %sin %, which has countably many fixed points accumulated at zero.
The asymptotic Dulac series for f consists in the single term x. The error in the
proof above amounts to the fact that the Dulac series for a semiregular mapping
can be “trivial”—it may not contain terms other than x. Then the left-hand side
of equation (2.1) is equal to o(2"?), and we cannot investigate its zeros.

Actually, we proved here

THE CORRECTED LEMMA OF DULAC. The germ of a semireqular mapping
f: (RT,0) — (RT,0) has either a trivial (equal to x) Dulac series or an isolated
fixed point at zero.

The difficulty of the problem of finiteness is due to the fact that triviality of
the Dulac series for a monodromy transformation does not imply that this trans-
formation is the identity, as shown by the example in the next subsection.

C. Monodromy transformations with nonzero flat correction. It may
seem likely that nonzero flat functions cannot arise in the theory of analytic dif-
ferential equations. The example below destroys this illusion. The construction is
carried out with the help of gluing, which is a powerful tool in the nonlocal theory
of bifurcations and differential equations. As a result we obtain the following

PRrROPOSITION 0.2.1. There ezists an analytic vector field on a two-dimensional
analytic surface having a polycycle with two vertices—a separatriz lune—whose
monodromy transformation has a nonzero flat correction [?].

PROOF. The analytic surface mentioned in the proposition is obtained by glu-
ing together two planar domains with vector fields on them; we proceed to describe
the latter.



8 INTRODUCTION

In the rectangle U: |z| < 1, |y| < e~ ! on the plane (e is the base of natural
logarithms) consider a vector field giving a standard saddle node:

v(w,y) = 2*8/dx —yd/dy

(Figure 6). In the same rectangle consider the field w obtained from v by symmetry
with respect to the vertical axis and by time reversal:

w(z,y) = x>0/0x +y0/dy.

Take two copies of the rectangle U: Uy = Ux {0} and Uy = U x{1}. We glue together
points on two pairs of boundary segments of each of the rectangles (Figure 6; the
arrows outside the rectangles indicate the gluing maps). Namely, we identify the
points of the segments

I§ =[5 x e} x {0},
Iy =3 4 x {7} x {1}

with the abscissae © and —z, and the points of the segments

Ly = {1} x [-§, 5] x {0},

Df = {1} x =55, &1 < {1}

with the ordinates y and f(y) = y — y?, respectively. In the notation for the
transversals I')", ;" C U the plus sign indicates entry of the trajectories into the
domain U across the transversal, while the minus sign indicates exit.

As aresult of the gluings we get from the rectangles Uy and U; a two-dimensional
manifold homeomorphic to an annulus. By means of a well-known construction [?]
we can introduce on it an analytic structure coinciding with the original structure
on Uy and U; and such that the vector field coinciding with v on Uy and with w on
U is analytic on the whole surface. This vector field will have the separatrix lune
~ obtained from segments of the coordinate axes in the gluings.

It is easy to compute the monodromy transformation for this polycycle 7. First
we compute the correspondence mapping A: I‘Sr — I'y along the trajectories of the
field v where it is defined (Figure 6). The function ye=/* is a first integral of v.
Consequently, for x > 0,

eteTVT = A(z) e, Ax) =e 7.

Similarly, the germ of the correspondence mapping at the point y = 0 of the
semitransversal I'f N {y > 0} onto '] is equal to

~A(y) = 1/Iny.

By construction of the gluing mappings, the germ A, has the form

Ay=A""ofoA, fly)=y—y

and acts according to the formula
n 1
v e Vm L e V21— e V) LN (— +1In(1 - el/z)>
x

Y z[l —zln(l — e_l/’”)]_l.

This mapping has a nonzero flat correction at zero, which is what was required.
O
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Thus, Dulac series do not suffice for describing the asymptotic behavior of
monodromy transformations.

D. The scheme for proving the identity theorem. For the proof we
construct a set of germs mapping (R*, co) — (R™, 00) that contains the monodromy
transformations of polycycles of analytic vector fields written in a suitable chart, but
is broader. The germs in this new set have two properties: they can be expanded
and they can be extended.

That they can be expanded means that to each germ corresponds an asymp-
totic series containing information not only about power asymptotics but also about
exponential asymptotics. Such series are called STAR—superexact asymptotic se-
ries; see §0.5 for more details. The triviality of such a series, that is, the condition
that it equals the identity, means that the correction of this series is very rapidly
decreasing as * — oco. In turn, the terms of the series do not oscillate, and hence
the existence of a countable number of fixed points for the germ implies that the
corresponding series is trivial.

That they can be extended means that a germ can be extended into the complex
domain to be a map-cochain—a piecewise continuous mapping holomorphic off the
lines of discontinuity. The Phragmén—Lindel6f theorem holds for the map-cochains
arising upon extension of a monodromy transformation: if the correction of a germ
decreases too rapidly, then it is identically equal to zero. The triviality of the STAR
ensures precisely a “too rapid” decrease of the correction.

The following implication is obtained (A, is the monodromy transformation
of the polycycle 7, Av is the STAR for A,, and Fix is the set of germs with
countably many fixed points):

A, € Fixee = An,:x = A, —z=0.

If all the singular points on an elementary polycycle are hyperbolic saddles, then
it is said to be hyperbolic, otherwise it is said to be nonhyperbolic. In the hyperbolic
case the program presented was carried out in [?] with the use of ordinary and not
superexact asymptotic series; see §0.3 below. In the general case the geometric
theory of normal forms of resonant fields and mappings is used to describe the
monodromy transformation (§0.4).

We return to the presentation of the proof of Dulac’s theorem.

E. The classification theorem. Dulac’s theorem describes the power asymp-
totics of a monodromy transformation. To get these asymptotic expressions it suf-
fices to use the theory of smooth, and not analytic, normal forms.

DEFINITION 0.2.3. Two vector fields are smoothly (analytically) orbitally equiv-
alent in a neighborhood of the singular point 0 if there exists a diffeomorphism (an
analytic diffeomorphism) carrying one neighborhood of zero into another that leaves
0 fixed and carries phase curves of one field into phase curves of the other (perhaps
reversing the direction of motion along the phase curves).

REMARK. In the definition of orbital equivalence it is usually required that the
directions of motion along phase curves be preserved; to simplify the table below
we do not require this.

THEOREM. An analytic vector field in some neighborhood of an isolated ele-
mentary singular point on the real plane is smoothly orbitally equivalent to one of
the vector fields in the table.
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FIGURE 7

Here the numbers k, m, and n are positive integers, m and n are coprime, a
is a real number, x € R?, x = (z,y), 7> = 22 +y?, I is the operator of rotation
through the angle 7/2, the fraction m/n is irreducible, and € € {0,1,—1}.

Type of singular point Normal form

1. A saddle with nonresonant linear | w(z) = Az
part v(z) = Az + - -

2. A center with respect to the lin- | w(z) = Iz + e(r?* + ar*t)x
ear terms

3. A resonant node w(z,y) = (kr + 5yk)% 4 ya%

4. A resonant saddle with the eigen- | w(z,y) = z[1 + e(u® + au®*)] 2 - )\ya%

value ratio —A = Ap/A = —m/n u = x"y" the resonant monomial

5. A degenerate elementary singu- | w(z,y) = "1 (£1 + axk)*la% — ya%

lar point

A closely related assertion was formulated as a conjecture by Bryuno [?]. A
large part of the list given above is contained in the article [?] of Bogdanov. The
classification theorem in its present form was formulated in [?]; fragments of the
proof are contained in [?], [?], and [?]; a complete proof is given in [?].

COROLLARY (topological classification of elementary singular points). An ele-
mentary singular point of an analytic vector field is one of five topological types: a
saddle, a node, a focus, a center, and a saddle node.

PROOF. Points of types 1, 3, or 4 in the table are among the saddles, nodes, or
foci and are identified according to the linear part. For ¢ = 1 the points of type 2
are unstable foci; for € = —1 they are stable; for ¢ = 0 they are centers. Degen-
erate elementary singular points reduce to normal forms with separating variables;
depending on the sign + or — in front of the 1 in parentheses and the parity of k,
these can be saddles, nodes, or saddle nodes (Figure 7). (]

REMARK. This corollary was known as far back as Bendixson [?], Another
proof of it is a derivation from the reduction principle by Shoshitaishvili [?], [?].

As noted by Bogdanov, the normal forms given by the classification theorem
can be integrated in elementary functions. The proof of Dulac’s theorem is based
on this remark.
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FIGURE 8

r+

FIGURE 9

F. The scheme for proving Dulac’s theorem, and the correspondence
mappings. For a one-point elementary monodromic polycycle Dulac’s theorem is
trivial: the corresponding singular point is a focus or a center. Its monodromy
transformation extends analytically to a full neighborhood of zero on the line, and
hence can be expanded in a convergent (and not just asymptotic) Taylor series
(a special case of a Dulac series). Everywhere below we consider an elementary
polycycle with more than one point.

Note that if an elementary polycycle with more than one point is monodromic,
then all the singular points on it have the topological type of a saddle or saddle
node.

This follows immediately from the preceding corollary.

The monodromy transformation of an elementary polycycle can be decomposed
in a composition of correspondence mappings for hyperbolic sectors of elementary
singular points (Figures 8 and 9). Note that the vector fields in a neighborhood of
a singular point with a hyperbolic sector may be normalized not only locally (in a
small neighborhood of a point) but also “semiglobality” (in a neighborhood of the
union of stable and unstable separatrixes). The conjugacy is extended by dynamics.
A hyperbolic sector is represented in Figure 9; the correspondence mapping carries
a semitransversal across which phase curves enter the sector into a semitransversal
across which they leave the sector; the image and inverse image belong to a single
phase curve. The inverse mapping is also called a correspondence mapping.

The first part of the proof of Dulac’s theorem consists in a computation of the
correspondence mappings for hyperbolic sectors of saddles and saddle nodes (rows
1, 4, and 5 of the table in subsection E). The second part is an investigation of
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compositions of these mappings with smooth changes of coordinates and with each
other.

LEMMA 0.2.2. A correspondence mapping for a hyperbolic sector of a nonde-
generate saddle of a smooth vector field is semiregular.

REMARK. It is natural to prove the lemma for smooth vector fields, and to use
it for analytic vector fields.

PROOF. This lemma was proved for analytic vector fields in the first part of
the memoir [?]. The proof below uses the classification theorem in subsection E.

By Lemma 1 in subsection A, the germ of a mapping smoothly equivalent to a
semiregular mapping is also semiregular; therefore, it suffices to prove Lemma 2 for
fields written in normal form (rows 1 and 4 of the table in E). In more detail, the
conjugacy between the original vector field and its normal form induces coordinate
changes on the cross-sections h* : (I'",0) — (I't,0) and A~ : (I'",0) — (', 0).
Let A and Aporm be Dulac maps in the original and normalizing charts respectively.
Then

A=h"o Anorm o h+

The maps h* are C* in a full neighborhood of zero, Aporm is semiregular as
proved below. Hence, A is semiregular as well.

Let us now pass to the proof of semiregularity of Anorm-

Suppose that the saddle under consideration is nonresonant: the eigenvalue
ratio is irrational. Then the corresponding normal form has the form

w(z,y) = x@%& — )\yagy, A>0

(the normal form in the first row of the table, multiplied by )\fl, where A =
diag(A1, A2)). In this and the next subsections I'” is the semitransversal {z = 1,
y € [0,1]} with chart y, and I'" is the semitransversal {y = 1, z € [0,1]} with
chart z. The correspondence mapping ' — I'™ can be computed in an elementary
way and has the form

Ty =Azr) = 2

this mapping is semiregular. Lemma 2 is proved in the nonresonant case.
Suppose now that the saddle is resonant, A = m/n. The corresponding normal
form has a form equivalent to formula 4 of the table in subsection E:

9 kg~ 2k O

w(z,y) =x— —y(A+&(u” + au*"))—,

(@,y) =25 —y(A+E( N3,

where u = z™y" is the resonant monomial, & € {0,1,—1}, and a € R. The case

€ = 0 is treated as above. Let ¢ # 0. The proof of the lemma is based on the fact

that the equation & = w(x) can be integrated. The integration is carried out as
follows. The factor system is written with respect to the resonant monomial:

= f(u).

Here 4 = Lyu and f = —énuFt1(1 + au®). The factor system can be integrated
in quadratures, and the same is true for the equation £ = x. Then y is found as a
function of t.
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To compute the correspondence mapping for the field w it is not necessary to
carry these computations to completion. Denote by g the transformation of the
phase flow of the vector field v over the time ¢ (where it is defined). Let

E=(z,1)eTt, n=(1,A)el".

The phase curve of the field w passes from the point £ to the point 7 in the time
t = —Inx. Therefore

u(n) = g5 " “u(€)

where f is the right-hand side of the factor system with respect to u. But
u(§) =z, u(n) = (Ax))"
Finally,
Aly) = [g7 ™ (@)™

The last formula gives a semiregular mapping. We prove this first for m =n = 1.
The local phase flow of the field f(9/0u) at the point (0,0) in (¢, u)-space is given
by the germ of an analytic function of two variables; denote it by F. We extend
the germ F' into the complex domain and prove that for sufficiently small § the
Taylor series for F' converges on the curve L: t = —Inu, (t,u) € R, u € (0,0). For
this we consider the equation @ = f(u) with the complex phase space {u} and with
complex time. The solution ¢ of this equation with the initial condition ¢(0) = u
is holomorphic in a disk with radius of order |u|=*. For a = 0 (f = —enu**1) this
follows from the explicit formula ¢(t) = u(14enktu®)~1/* for the solution; for a # 0
it can be proved by simple estimates. Hence, the Taylor series for F' converges in
the domain [t| < Alu| ™", where A is some positive constant. This domain contains
the curve L for sufficiently small §. Consequently, the mapping u +— F(—Inw,u) is
semiregular. This shows that the mapping y — A(y) is semiregular for m =n = 1.

The semiregularity of the mapping y — A(y) for arbitrary m and n follows
from Lemma 1.

Lemma 2 is proved. ]

G. The correspondence mapping for a hyperbolic sector of a saddle
node or degenerate saddle. A hyperbolic sector of a degenerate elementary
singular point includes in its boundary part of the stable (or unstable) and center
manifolds. We recall that in this case the stable manifold is a smooth invariant
curve of the field that passes through the singular point and is tangent there to
an eigenvector of the linear part with nonzero eigenvalue. A center manifold is an
analogous curve tangent at the singular point to the kernel of the linear part.

DEFINITION 0.2.4. For a hyperbolic sector of a degenerate elementary singu-
lar point a correspondence mapping whose image is a semitransversal to a center
manifold is called the mapping TO the center manifold for brevity; its inverse is
the mapping FROM the center manifold.

EXAMPLE. For a suitable choice of semitransversal the correspondence mapping
of the hyperbolic sector of the standard saddle node z2(9/dz) — y(9/9dy) has the
form

fo(z) = e~'/* TO the center manifold,

fo'(z) = —1/Inz, FROM the center manifold;
see C.
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DEFINITION 0.2.5. The germ of the mapping f: (RT,0) — (R*,0) is said to
be a flat semiregular germ if the composition h = f; Lo f is semiregular.

REMARK. Below in subsection H it is proved that a germ smoothly equivalent
to a flat semiregular germ is itself a flat semiregular germ (corollary to Lemma 4
in H).

LEMMA 0.2.3. The germ of a mapping TO a center manifold for an analytic
vector field is a flat semiregular germ.

PRrROOF. By the preceding remark, it suffices to prove the lemma for the corre-
sponding smooth orbital normal form w; see row 5 in the table in E. In this case
the correspondence mapping is said to be standard and denoted by Ag. It can
be assumed without loss of generality that the quadrant x > 0, y > 0 contains
a hyperbolic sector of the field w. Therefore, the sign + should be chosen in the
indicated formula for w:

g
Ox yay'

The corresponding differential equation has separating variables. It can be in-
tegrated, and the correspondence mapping can be computed explicitly. Namely, let
the semitransversals ' and I'™ be the same as in subsection F. Let Ag: (I't,0) —
(I'~,0) be the germ of the mapping TO the center manifold for the field w. Then

the phase curve of the field falls from the point (z, 1) to the point (1, Ag(z)) in the
time

w(z,y) = 21 (1 + azk) !

1 k
1+ a€ dc.
eht

t=—InAgx(x) =

x

An elementary computation yields:

1 k
[l 1L
x £k+1 hk,a k

where hy o(z) = k¥ /(1 — akz® Inz) is a semiregular mapping. Consequently,

Ay = Cexp(—1/hg,), C=-expl/k,

and Ag is a flat semiregular mapping. ([

H. Conclusion of the proof of Dulac’s theorem. By results in subsections
E to G, it remains to prove that a composition of semiregular germs, flat semiregular
germs, and inverses of them (perhaps after a cyclic permutation of the germs that
corresponds to a proper choice of semitransversal) is a flat, vertical, or semiregular

germ. Recall that the germs of semiregular mappings form a group; see Lemma 1
in A.

LEMMA 0.2.4. Suppose that fi and fo are two flat semiregular germs, and h
is a semiregular germ (R*,0) — (R*,0). Then the composition f = fy ' oho f
is semiregular, and the asymptotic series for f depends on the principal term in
the asymptotic expansion for h and does not depend on the remaining terms of this
expansion.

It can be said that the composition f “forgets” all the terms of the asymptotic
series for h except for the principal term.
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PROOF OF THE LEMMA. Suppose that f; = fy o hy and fo = fy o hy, where
fo is the standard flat mapping * — exp(—1/z), and the germs hy; and hy are
semiregular. Then

f=hytofgtoho fooh.

By virtue of Lemma 1, it suffices to prove that the composition f; Lohofyis

semiregular. Let
h(x) = ez (1 + h(zx)),

h(z) = O(zf), >0, ¢>0.

Then
1 140 = -1
foloho folz) = —flncfln(lJrhofO)}
x
B T
vo—zlne—xzIn(l+ ho fo)
B T
yg—=zlne ’

where the dots stand for an exponentially decreasing (as * — 0) component.
Consequently, the mapping f; Lo ho fy is semiregular. Lemma 4 is proved. [

COROLLARY. A germ smoothly equivalent to a flat semiregular germ is itself a
flat semireqular germ.

PROOF. Let fyoh be a flat semiregular germ, and f a germ smoothly equivalent
to it. Here we have in mind so-called RL-equivalence: the substitutions in the
image and the inverse image can be different. In other words, there exist germs of
diffeomorphisms Ay, and hs such that

J=hiofoohohsy

It must be proved that the composition f; L6 f is semiregular. This follows imme-
diately from Lemma 4 above. O

We proceed to the proof of Dulac’s theorem. Let v be an elementary polycy-
cle. The monodromy transformation can be decomposed into a composition of the
correspondence mappings A, described in subsections F and G:

(22) AWZANO---OAL

DEFINITION 0.2.6. An elementary polycycle is said to be balanced if in (2.2)
the number of the mappings FROM the center manifold is equal to the number of
mappings TO the center manifold. Otherwise the cycle is said to be unbalanced.

Useful for describing the composition (2.2) is the function x called the char-
acteristic of this composition and defined on [—N,0] as follows. The function x
is continuous and linear on the closed interval between two adjacent integers, and
x(0) = 0. If the mapping A; in (2.2) corresponds to a nondegenerate singular
point, then let x(—j) = x(—j + 1). If A; is the mapping FROM the center mani-
fold, then x(—j) = x(—j + 1) + 1. If A; is the mapping TO the center manifold,
then x(—j) = x(—j + 1) — 1. Obviously, a polycycle v is balanced if and only if
x(0) = x(—N) = 0. The characteristic of a balanced polycycle is determined up
to an additive constant and a “cyclic shift of the argument”: j — j + &k (mod N),
both of which depend on the choice of the semitransversal.
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FIGURE 10

DEFINITION 0.2.7. A semitransversal to a balanced polycycle is said to be
properly chosen if the cycle characteristic defined with the help of the decomposition
(2.2) for the corresponding monodromy transformation is nonpositive.

REMARK. For a balanced polycycle a proper choice of a semitransversal is
always possible. It corresponds to a proper cyclic permutation of factors in (2.2).

LEMMA 0.2.5. For a suitable choice of semitransversal the monodromy trans-
formation for a balanced polycycle is semireqular, while for an unbalanced polycycle
it is flat or vertical.

PRrROOF. In the composition (2.2) read from right to the left, we put a left
parenthesis after each mapping FROM the center manifold and a right parenthesis
before each mapping TO the center manifold (Figure 10). If the cycle is balanced
and its characteristic is nonpositive, then the parentheses turn out to be placed
correctly, in particular, the number of left parentheses is equal to the number of
right parentheses; the first parenthesis is a left one, and the last is a right one.
In this case all the flat and vertical mappings fall in parentheses. Inside all the
parentheses the products are semiregular in view of Lemma 4 (this is demonstrated
intuitively in Figure 10; the obvious general argument is omitted). Lemma 5 now
follows from Lemma 1 for balanced cycles. The proof is analogous for unbalanced
cycles. ([l

Dulac’s theorem follows immediately from Lemma 5.

The classification theorem, and with it Dulac’s theorem, admits a generalization
to the smooth case: it is necessary only to require that the vector field satisfy at
all singular points a Lojasiewicz condition—upon approach of the singular point
the modulus of the vector of the field decreases no more rapidly than some power
of the distance to the singular point. The finiteness theorem is false, of course, for
such fields.

To prove the finiteness theorem it turns out to be necessary to go out into the
complex domain. In the next section the nonaccumulation theorem (the Theorem
IV in §0.1A) is proved for a polycycle with hyperbolic singular points. Here essential
use is made of the corrected lemma of Dulac (subsection B)—the strongest of the
results in [?].

§ 0.3. Finiteness theorems for polycycles with hyperbolic vertices

In this section we introduce the class of almost regular germs, which contains
the correspondence mappings of hyperbolic saddles in the analytic case, and we
prove Theorems I, II, and IV for vector fields with nondegenerate singular points.
Beginning with this section, all the vector fields under consideration are analytic;

£10



def:gstand

§ 0.3. FINITENESS THEOREMS 17

explicit mention of analyticity is often omitted. The presentation follows [?] and
[7].
A. Almost regular mappings.

THEOREM 1V bis. The limit cycles of an analytic vector field with nondegen-
erate singular points cannot accumulate on a polycycle of this field.

Theorems I and 1T for fields with nondegenerate singular points (including sin-
gular points at infinity in Theorem I) can be derived from this as in §0.1.

A chart x that is nonnegative on a semitransversal, equal to zero at the vertex,
and can be extended analytically as * = Re z to a full neighborhood of the vertex
on the transversal containing the semitransversal, is said to be a natural chart. The
chart £ = —Inx is called a logarithmic chart. It may be extended as £ = Re (, ( =
—Inz.

It is convenient to write the correspondence mapping for a hyperbolic sector
of an elementary (not necessarily hyperbolic) singular point in a logarithmic chart.
In a natural chart this is the germ of the mapping A: (RT,0) — (R*,0), and
in a logarithmic chart it is the germ of A: (RT,00) — (RT,00); passage to the
logarithmic chart is denoted by a tilde.

In the hyperbolic case the correspondence mapping, written in the logarith-
mic chart, extends to special domains similar to a half-plane and called quadratic
domains.

DEFINITION 0.3.1. A quadratic standard domain is an arbitrary domain of the
form

Qo =pc(CT\K), ¢c=(+C(C+1)"? C>0, K={¢|<R}.
DEFINITION 0.3.2. A Dulac exponential series is a formal series of the form

Y= VOC+c+ZPj(C)€XijC7

where vy > 0, 0 > v; \, —oo, and the P; are polynomials; the arrow \, means
monotonically decreasing convergence.

DEFINITION 0.3.3. An almost regular mapping is a holomorphic mapping of
some quadratic standard domain Q in C that is real on RT and can be expanded in
this domain as an asymptotic real Dulac exponential series. Expandability means
that for any v > 0 there exists a partial sum approximating the mapping to within
o(exp(—v€)) in Q.

THEOREM 0.3.1. An almost reqular mapping is uniquely determined by an as-
ymptotic series of it. In particular, an almost reqular mapping with asymptotic
series C is the identity.

REMARK. This theorem explains the term “almost regular.” At the beginning
of the century “regularity” was often used as a synonym for “analyticity.” Ap-
parently, Dulac called the mappings he introduced “semiregular” because of their
similarity to regular mappings: Dulac series are similar to Taylor series. However,
semiregular mappings, in contrast to almost regular mappings, are not determined
by their asymptotic series. On the other hand, Dulac exponential series for almost
regular mappings diverge in general. “Almost regular mappings” are thus more
regular than “semiregular mappings,” but are still not exactly regular.
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PROOF. The dilference between two semiregular mappings with a common Du-
lac series is a holomorphic function f defined and bounded in some standard domain
and decreasing on (RT, 0o0) more rapidly than any exponential (R is the positive
semi-axis). By a theorem of Phragmén—Lindeldf type, this function is identically
equal to zero. We prove this: the theorem is obtained immediately from it.

Let C* be the right half-plane Re ¢ > 0.

The following result is known to specialists and will be proved in §3.1C.

THEOREM 0.3.2. If a function g is holomorphic and bounded in the right half-
plane and decreases on (RT, 00) more rapidly than any exponential exp(—v€), v > 0,
then g = 0.

If instead of a quadratic standard domain the function f were holomorphic in
the right half-plane, then Theorem 1 would follow at once from Theorem 2. To
exploit Theorem 2 we note that there exists a conformal mapping ¥ : Ct — Q with
the form (¢) = & + O(£Y/?) on (R, 00). Consequently, the function g = f o)
satisfies the conditions of Theorem 2. From this, g = f = 0. O

B. Going out into the complex plane, and the proof of Theorem IV
bis.

THEOREM 0.3.3. The correspondence mapping of a hyperbolic saddle, written
in a logarithmic chart, extends to an almost regular mapping in some quadratic
domain.

This theorem will be proved in subsections C and D. We derive Theorem IV
bis from it.

DEFINITION 0.3.4. Two almost regular mappings are equivalent if they coincide
in some quadratic standard domain. An equivalence class of such mappings is called
an almost regular germ.

It follows from the definition of almost regular germs that these germs form
a group with the operation of “composition.” Therefore, it follows from Theorem
3 that the monodromy transformation A, of a polycycle with hyperbolic vertices,
written in the logarithmic chart, extends to an almost regular germ. We now prove
the chain of implications in §2D. Let A, € Fixs,. Then by the corrected lemma
of Dulac in §2B, the corresponding Dulac series is equal to id: A,y = id. This
implies that the mapping Ay—the monodromy transformation A, written in the
logarithmic chart—expands in an asymptotic Dulac exponential series equal to id.
It follows from Theorem 1 and the almost regularity of Av that Av = id, which
proves Theorem IV bis.

C. Hyperbolicity and almost regularity. Here we prove Theorem 3 in
subsection B. By the definition of an almost regular germ, it must be proved that the
mapping under investigation, written in the logarithmic chart (it is denoted by A):
(a) extends biholomorphically to some quadratic standard domain  (regularity);
(b) can be expanded in an asymptotic Dulac series in this domain (expandability).

The proof is broken up into four steps.

STEP 1. GEOMETRY AND ANALYTIC EXTENSION. Let us begin with an exam-
ple. Consider the correspondence mapping of the linear saddle given by the field
v = 2(0/0z) — Mw(9/0w) in C2. Let I't and I'~ be the intervals [0,1] x {1} and
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{1} x [0,1]. The correspondence mapping A: 't — I'~ has the form z — 2* in
suitable natural coordinates. This mapping extends to the Riemann surface of the
logarithm over the punctured disk (delete the center z = 0) on the line w = 1. On
the real plane the image and inverse image of the mapping A are joined by phase
curves of the field v. Which lines on the complex phase curves of v join the image
and inverse image of the extended correspondence mapping?

The construction answering this question is easily analyzed in the linear case
and is used in the general case. In the linear case it allows us to extend the
correspondence mapping to the whole right half-plane in the logarithmic chart.
The construction is proceeded as follows.

Let (Figure 11)

B ={]z| <1} x {|lw| < 1},
Do={0<|z| <1} x {0}, Dy={0<|z| <1} x{1}.

For each ¢ € Ct, ¢ = ¢ + in, denote by u¢ (¢ is an index, not a power) the curve
with initial point 0 and endpoint ¢ consisting of the two intervals [0,£] and [€, (],
parametrized by the arclength s, and let S = s(¢) = |£|+|n|. The point correspond-
ing to the parameter s is denoted by u¢(s); this defines a mapping u¢: [0, 5] — C,
s+ pus(s).

We define the following curves (Figure 11):

=A%t [0,5] = Dy, s+ (exp(—ug(s)), 1),
Y0 =7:[0,8] = Do, s (exp(ul(s) —(),0).

Let *y% = 7<|[07T]. Denote by ¢, the complex phase curve of v passing through
the point p. On the Riemann surface ¢, let 4° be an arc with initial point p that
covers the curve 7¢ under the projection 7, : (z,w) — z.

We prove that the endpoint of the arc 4¢ is the result of analytic extension of
the correspondence mapping A (see the beginning of Step 1) along the curve 7%
with initial value A(1) = 1.

We first prove that the covering 4¢ is defined and belongs to B. Indeed, the
curve 7 consists of two parts: a segment of a radius of the disk Dy, and an arc
of the corresponding circle. For p = 7%1(S) = (exp(—(), 1) the Riemann surface
¢, belongs to the real hypersurface |w|[z|* = exp(—A¢), where & = Re(. Along
the arc of the curve 4¢ lying over the radius, |z| is increasing and |w| is decreasing.
The arc of 4¢ lying over the arc of the circle |z| = 1 belongs to the torus |z| = 1,
|w] = exp(—AE). Therefore, the whole curve belongs to B.

Further, the endpoint of 4¢ depends continuously on ¢ by construction. It
depends on ( analytically according to the theorem on analytic dependence of a
solution on the initial conditions. Consequently, it is the result of the analytic
extension under investigation.

We proceed to an investigation of the general case.

STEP 2. NORMALIZATION OF JETS ON A COORDINATE CROSS. To study
the asymptotics of the correspondence map near zero in the natural chard, we
have to follow real curves on the leaves of the foliation that connect the points
z € TH, |z] << 1, and A(z) € T, |A(2)] << 1. These curves are located
in narrow neighborhoods of the coordinate cross. To compare these curves with
the analogous curves for the normalized equation, we need to make the difference
between the original and normalized equations small on the coordinate cross in the
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FIGURE 11

unit bidisc centered at (0,0). This is the normalization named in the title of step
2. Tt is proved in the memoir [?] that for any positive integer N a vector field is
orbitally analytically equivalent in a neighborhood of a hyperbolic singular point
to a field giving the equation

t=z w=—-w\+ 2N f(z,w))

f11
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for an irrational ratio —\ of the eigenvalues of the singular point, and giving the
equation

(3.1) t=z, w=—-w\+ Pu)+u" T f(z,w))

for A = m/n. Here m and n are positive integers, m/n is an irreducible fraction,
u = z™w" is the resonant monomial, P is a real polynomial without free term and
of degree at most N, and f is a function holomorphic at zero. In [?] a real neigh-
borhood is considered, but the arguments work for a complex one. the details for
the complex case are presented in [?]. It can be assumed without loss of generality
that in the bidisk B the function | f| is less than an arbitrarily preassigned constant,
and the correspondence mapping I' — I'~ is defined, where I'" and I'™ are the
same as in Step 1; this can be achieved by a change of scale.

The case of rational A will be treated below; the proof of Theorem 3 for irra-
tional A is similar, only simpler.

STEP 3. THE CORRESPONDENCE MAPPING OF THE TRUNCATED EQUATION.
This equation is obtained by discarding the last term in parentheses in (3.1):

(3.2) 2=z, w=—-wA+Pu)).

We prove that the correspondence mapping of this equation, written in the
logarithmic chart, is almost regular. This was actually already done in §2F. It was
proved there that

Az) = [gi;“z(z”)]l/m, where 1 = f(u)

is the factor system for the truncated equation, f = nwP(u).

We prove first that the mapping u — g}ln w/ "u, written in the logarithmic

chart, is almost regular. Consider it first in the chart u. As in §2F, let F(t,u)
be the local phase flow for f(9/Au) at the point (0,0) of (¢,u)-space. The Taylor
series for F' converges in the domain |[t| < Alu|~!, as proved in §2F. Under the
substitution ¢ = (lnwu)/n this series becomes a Dulac series in the variable u. It
converges in the domain where

Inu| < Alu| ™t
Here and below we consider the branch of the logarithm that is real on the
positive semi-axis.

On the disk D; containing the semitransversal I'~, the natural chart z, the
function u, and the logarithmic chart ¢ are connected by the relations:

1
u=2z" (=-lnz=—-——Inu.
m

The previous inequality becomes the inequality
I¢] < m™t Alexp(m()| = m™ ! Aexpmé.

For every A > 0 there exists a C such that this inequality holds in the qua-
dratic standard domain €2¢. This proves that the correspondence mapping of the
truncated equation is almost regular.
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D. The second geometric lemma. The rest of the proof goes according
to the following scheme. An analytic extension of the correspondence mapping
of (3.1) is constructed in a way similar to what was done for the linear case in
Step 1 (geometric lemma). This enables us to extend the mapping to a quadratic
standard domain (regularity). It is then proved that the difference between the
correspondence mappings of the original and the truncated equations is small if V
is large. This proves that the mapping under investigation can be expanded in a
Dulac series (expandability).

STEP 4. GEOMETRIC LEMMA. Suppose that the curves MCWC)%Q and 7¢! are
the same as in Step 1. Let ¢, be the phase curve of the field (3.1) containing the
point p, and let 4¢ (&%) be a covering on ¢, over the curve 7% (7%) with initial
point p = (exp(—(), 1).

GEOMETRIC LEMMA. For any equation (3.1) the scale can be chosen in such a
way that in the bidisk B the following holds. There is a C' > 0 such that:

1. the arc 4 is defined for every ¢ € Q¢, where Q¢ is a quadratic standard
domain, see Definition 0.3.1 ;

2. the endpoint of this arc is the result of analytic extension of the correspon-
dence mapping A: Tt — T~ of (3.1) along the curve 714 with indtial value A(1) = 1;

3. the first integral t = —(AInz + Inw) of the linearized equation (3.1) varies
in modulus at most by 1 from the initial value Gy = u(p), p = (exp(—(), 1), upon
extension along the curve 3¢;

4. of &é is the curve analogous to A4S on the phase curve of the truncated
equation with initial point p, then the values of the function u differ at most by
exp(—(N + 1)) at the endpoints of the curves &g and A°S.

REMARK. Note that A(¢) is the function A written in the logarithmic chart:
if z = exp(—(), then A(C) = —InA(z). On the other hand, 4(1,A(z)) = —In A(2).
The branches of the logarithm in both expressions are the same. Hence, @(1, A(z)) =
A(¢). Note that almost regularity of A(z) means that A(¢) is defined in some qua-
dratic standard domain, and may be expanded there in an exponential Dulac series.
So we will prove these properties for the germ @(1, A(exp(—())).

PRrOOF. Note that for arbitrary ¢ and sufficiently small T the curve fy% is
defined. We prove that it is defined for arbitrary T € [0,S5] if |z| is sufficiently
small.

We prove first that over the part of 7¢ belonging to a radius of the disk Dy

the extensions of the solutions of equations (3.1) and (3.2) with initial point p are
defined for sufficiently small values of exp(—(). Consider the domain U = {|u| < a};
smallness requirements are imposed on « below. Along the trajectories of equations
(3.1) and (3.2) regarded as equations with realtime, arg z does not change, but |w|
decreases in U N B: for equation (3.1)
%(wzf)) = Re(ww) = —ww (A + Re(P(u) + v T f)).
In the domain U N B, where u and f are sufficiently small, |w| < 0 for w # 0.
The derivative of |w| in U N B along the field of the truncated equation can be
estimated similarly. We must still prove that the curves under investigation do not
leave U N B.
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We carry out the proof for the system (3.1); it is analogous for (3.2), only
simpler. In the variables z, @ the system (3.1) has the form

(=2, 4=V(d)+R,
V() = —P(exp(—na)),
(3.3) R =exp(—(N +1)a)f(z,w).

To conclude the passage to the new variables it would be necessary to express the
function f(z,w) in terms of z and @ in the expression for R, but this expression will
not be used, since |f| will be estimated from above by a constant. The solution of
the system (3.3) with initial point (zg, %) = (exp(—¢), AC) is considered over the
curve ugp — ¢. When the time ¢ runs through this curve, the point (z(¢),0) runs
through the curve 'y%, while the point (z,%)(¢) runs through the curve ’y%. The
latter curve is defined for small T. We prove that it is defined for T'= S (S is the
length of the curve u¢); this will mean that the curve 4¢ is defined.
In the domain &4 N B

V(@) + R| < Bexp(—nRe)

for some 3 > 0. If |exp(—¢)| is small, then Re @ is large; for an arbitrary sufficiently
large value of Re @y and for arbitrary § € C with |§] < 1,
(3.4) B12A " g | exp(—n Re(iig + 8)) < 1.
The number [2A717| exceeds the time S over which the curve 4¢ runs. Con-
sequently, if Re( is sufficiently large, then the curve ’yg lying over the radius
arg z = const is defined and belongs to the intersection U N B: for T < &£ the
curve &% does not go out to the boundary of this intersection. Similarly, it follows
from the inequality (3.4) that the curve does not go out to the boundary of U for
T € [£,€ 4 |n|], and the curve 4¢ is defined by the theorem on extension of phase
curves.

It can be proved similarly that the curve ’yg is defined. Suppose now that
@ is a solution of (3.3) with the initial condition @(—¢) = (exp(—(), (). Then
a(@(0)) = A(C) (see the remark after the formulation of the lemma). Let be the
solution of the truncated equation z = z, i = V(@) with the same initial condition;
then @(3(0)) = Ag(¢). It was proved above that the solution wo@|,c_¢ runs through
values lying in the disk K with center 4y and radius 1. Let L = maxg (1, |V'({)]).
Then, by Gronwall’s lemma,

[0 3(0) — i 0 Go(0)] < max |R] exp LS = o(exp(~NAE)) = o(exp(—vE))

for any previously assigned v > 0 if IV is sufficiently large. This proves the geometric
lemma. O

Theorem 3 now follows from the fact that the germ A is almost regular.
This finishes the proof of the finiteness theorem for fields with hyperbolic sin-
gular points.

§ 0.4. Correspondence mappings for degenerate elementary singular
points. Normalizing cochains

The correspondence mappings in the heading can be described with the help
of the geometric theory of normal forms. According to this theory, the germ of a
vector field or mapping in a punctured neighborhood of a fixed point gives an atlas



24 INTRODUCTION

of normalizing charts with nontrivial transition functions. The normalizing charts
conjugate the germ with its formal normal form; the transition functions contain
all the information about the geometric properties of the germ.

A. Formulations. The correspondence mappings in the heading decompose
into a product of three factors, of which two must be defined; we proceed to do this.
The germ of a holomorphic vector field at an isolated elementary singular point is
formally orbitally equivalent to the germ

(4.1) =211 4 af)7Y = —w.

Here k + 1 is the multiplicity of the singular point, and a is a constant that is
real if the original germ is real. For a formal normal form the manifold z = 0 is
contractive, and the manifold w = 0 is the center manifold. The correspondence
mapping of a semitransversal to the first manifold onto a semitransversal to the
second (briefly, the mapping TO the center manifold) is denoted by Ay for the
normalized system, and it has the form (see §0G)

1
Ay = Cexp(—1/hyq(2)), where hyq(2) = k2" /(1 — akz"Inz), C = exp T

The factors of this form introduce exponentially small terms into the asymptotic
expression for the monodromy transformations.

The complexified germ of a real holomorphic vector field at an isolated degener-
ate elementary singular point always has a one-dimensional holomorphic invariant
manifold that is contractive after a suitable time change, and it does not as a rule
have a holomorphic center manifold. Corresponding to a contractive manifold is a
monodromy transformation that has the following form after a suitable scale change
with a positive factor:

(4.2) [z z—2miz" 4.

This transformation is formally equivalent to a time shift —27i along the trajectories
of the vector field v(z) = 2*T1/(1 + az"*). Here k and a are the same as in the
formal orbital normal form of the germ. The corresponding normalizing formal
series diverge as a rule, but they are asymptotic series for the normalizing cochains;
we proceed to the definition of the latter.

A nice k-partition of the punctured disk is defined to be a partition of this disk
into 2k equal sectors, one of which has a boundary ray on the real axis.

THEOREM 0.4.1 (on sectorial normalization [?], [?]). For an arbitrary parabolic
germ (4.2) (not necessary a monodromy transformation) there exists a tuple of
holomorphic functions, called a cochain normalizing the germ, having the following
properties.

1. The functions in the tuple are in bijective correspondence with the sectors
of a mice k-partition of some disk with center zero and radius R; each function is
defined in a corresponding sector.

2. FEach function in the tuple extends biholomorphically to a sector S; with the
same bisector and a larger angle o € (mw/k,2mw/k); the radius of the sector depends
on a.

3. All the functions in the tuple have a common asymptotic Taylor series at
zero with linear part the identity.

4. In the intersections of the corresponding sectors the functions in the tuple
differ by o(exp(—c/z*)) for some ¢ > 0.
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FIGURE 12

5. Each of the functions in the tuple conjugates the germ (4.2) in the sector S;
with the time shift by —2mi along the trajectories of the field v(z).

There is a unique normalizing cochain whose correction decreases more rapidly
than the correction of the germ (4.2), that is, a cochain id + o(zFT1).

DEFINITION 0.4.1. The set of all normalizing cochains described in the preced-
ing theorem and its supplement below is denoted by N'C (= normalizing cochains);
the set of mappings in the tuple corresponding to the sector adjacent from above
(from below) to (R*,0) is denoted by NC" (u = upper) (respectively, NC' (I =
lower)).

The following result is also known, but it will be proved below in C because it
is contained “between the lines” in [?] and [?].
To state it let us introduce the following notations:
II={{>a,ln <m/2},
(4.3) n — o, 1,
(I)l—f:‘ :C+(1_5)C_2a CL:CL(E), €€ [Oa 1)7
see Figure 2.

SUPPLEMENT. A function in a tuple forming a normalizing cochain extends
holomorphically to a domain broader than the sector S;. For the sector S* (S')
adjacent from above (from below) to the positive semi-azxis in a nice k-partition,
this domain has the form k:_ll_L(f) in the logarithmic chart ( = —Inz ({ = —Inz,
£§=Re(, x=Rez).

An asymptotic decomposition to a Taylor series for NC" may be extended to
the same domain. The very same statement holds for St and NC'.

An analogous result is valid for the remaining functions in the tuple. The
mapping corresponding to S* in the normalizing cochain is denoted by Fj .. .

REMARK. Let Hio) = II,. The domains ng) are ordered by inclusion: I_L(f) C

¢ for e < ¢/. The domain I is called the generalized e-neighborhood of the
curvilinear half-strip I, (Figure 2).

Everything is now ready for a description of the correspondence mappings in
the section heading.

f12
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TueoReM 0.4.2 ([?], [?]). The correspondence mapping A: (R*,0) — (RT,0)
TO a center manifold of a degenerate elementary singular point of a real-analytic
vector field is the restriction to (R™,0) of any of the two compositions

A= gu © ASt © Frlxlorm = gl © Ast o Frllorm?

where Fyopm s the normalizing map-cochain (see the theorem on sectorial normal-
ization) for the corresponding monodromy transformation; FY _ (FL Y is that
mapping in the tuple Fuom that is defined in the sector S* (S') adjacent from
above (respectively from below) to (RT,0); the mapping Ag, was defined at the be-
ginning of the subsection, and the germs g*, g* are holomorphic at their fixed point
zero.

SUPPLEMENT. The multipliers (g(0))" and (¢'(0))" are positive.

Theorem 2 will be proved in subsection B, and the supplement to it in D.
The mapping F¥  is called the main mapping of the tuple Fjorm-

norm

REMARK. If F% is replaced by the mapping F! . corresponding to the sec-
tor adjacent to R* from below, and the germ g is replaced by another holomorphic
germ, then the product A does not change on RT. After choosing the main map-
ping in Theorem 2, we thereby dwelt upon one of two mutually symmetric variants,

each one being by itself asymmetric.

Normalizing map-cochains make it necessary to use functional cochains for
investigating monodromy transformations of polycycles.

The set of all germs described in the preceding theorem, will be denoted by
TO, the set of germs inverse to them by FROM, and the set of all almost regular
germs by R. The identity theorem follows from the next result.

THEOREM A. A composition of germs in the classes TO, R, and FROM
either has no fized points near zero, or is the identity.

Chapters I-V are devoted to a proof of this theorem.

B. Proof of the theorem on the correspondence mapping. In this sub-
section we prove Theorem 2 in A.

B.1. Preliminary results. For germs of vector fields at a degenerate elementary
singular point there is a theorem on sectorial normalization analogous to Theorem
1 in A. To formulate it the germ must be reduced to a “preliminary normal form.”

Durac’s THEOREM ([?]). The germ of an analytic vector field at an isolated
elementary singular point of multiplicity k + 1 is orbitally analytically equivalent to
the germ giving the equation

(4.4) 5= = —w 4 F(z,w),
F(0,0) =0, dF(0,0)=0.
REMARK. An isolated singular point of an analytic vector field on the complex

plane is always of finite multiplicity. If the original equation is real, then the
normalizing substitution and equation (4.4) are also real.

We proceed to formulate the theorem on sectorial normalization for equation
(4.4). A nice k-covering of the punctured disk Dy: 0 < |z] < € is a tuple of
sectors S; as described in the formulation of Theorem 1 in subsection A. Namely,
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we consider a nice partition of the punctured disk and replace each sector of this
partition by a sector with the same bisector, the same radius, and a larger opening
a € (m/k,2n/k). The resulting tuple of sectors S; forms a nice k-covering of the
punctured disk.

A nice k-covering of a neighborhood of zero in C? with the w-axis deleted is
defined to be a tuple {S; x D}, where the S; are the sectors of a nice k-covering of
the pictured disk Dy, and D = {|w| < p} is a disk on the w-axis. The substitutions
normalizing equation (4.4) will be defined in the “sectors” S; x D and will have a
common asymptotic expansion, to the definition of which we proceed.

DEFINITION 0.4.2. A semiformal z-preserving substitution is a substitution H
of the form (z,w) — (z,w + H(z,w)), H = 17 Hy(w)z"; the functions H,, are
holomorphic in one and the same disk D; the series H of powers of z is formal (a
z-preserving substitution is denoted in the same way as the correction of its second
component).

We can now state a proposition on a semiformal normalization of a saddlenode.

PROPOSITION ([?]). For an arbitrary equation (4.4) there exists a unique sub-
stitution of the form ho ﬁ, where H is a semiformal z-preserving substitution, and
h is a holomorphic substitution of the form (z,w) — (h(z),w), h(z) — z = o(zF*+1),
carrying equation (4.4) into the equation

(4.5) =2 = —w(l + azb)
(which can be reduced to equation (4.1) by a change of time).

Let us now state a theorem about sectorial holomorphic normalization of a
saddlenode.

THEOREM 0.4.3 (on sectorial normalization [?]). For an arbitrary equation
(4.4) there exists in each sector S; x D of a nice k-covering of a neighborhood of
zero in C? with the w-azis deleted a unique biholomorphic mapping ho H; carrying
equation (4.4) into equation (4.5) and such that the series H is asymptotic for H;
in S;ND as z — 0, h(z) — 2 = o(zF+1).

The mappings H; = h o H; are said to be normalizing equation (4.4) in the
sectors S; x D. Let S* (SL) be the sector of a nice k-covering containing the sector
Sv (SY) adjacent to (R*,0) from above (below) in a nice k-partition.

B.2. End of proof of Theorem 0.4.2. As before, consider a germ V of a saddle-
node vector field V' at 0 of the form (4.4). Let Vg be the normal form of V. Let
H* be a holomorphic normalizing transformation defined in a sector S* x D, see
Theorem 3 above:

HY(z,w) = (h(z), H"(z,w)).

The map H" is an orbital analytic conjugacy between V and V. Let I' and I'~
be two disks in the lines w = wt and z = z~ respectively, 2~ and w™ so small that
the disk I'™ and the sector S, = S¥ x {w*} belongs to the domain of H*. Consider
the correspondence map A : S, — I'". For any p € S,, let ¢ = A(p).

Let 7 be a projection along the solutions of a neighborhood of (0,w™) to I'F
along the orbits of the normalized equation. Note that H*(I'") C {h(z7) x C},
and g~ = H“|p- is biholomorphic. On the other hand, the restriction H%|s, can
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FIGURE 13

FIGURE 14
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not be holomorphically extended onto I't in general. Below we prove the following
relation: if A is a map TO defined in S, then

(4.6) A s.)-

As above, denote by f the monodromy transformation for V' that corresponds
to a positively oriented loop around zero on the w-axis, the holomorphic invariant
manifold of V.

5. =goAgo(moH"

PRrRoPOSITION 0.4.1. The map o H%|g« coincides with Fyjorm, a component
of the normalizing cochain for the monodromy map f defined in the sector S*.

Together, formula (4.6) and Proposition 0.4.1 imply Theorem 0.4.2.

Formula (4.6) is sort of tautology, see Figure 13. Let p € S* x {w™}, then
H"(p) € S¥. Let p’ = mo H*(p). Let ¢ = A(p) € T, ¢ = Ag(p'). Figure (13)
shows that

This implies (4.6).

PROOF. of Proposition 0.4.1 The proof is based on the fact that the monodromy
transformation fg of Vgt is imbeddable, and F' conjugates f and fgt in Si.

Let us proof the first statement: the map fgt is a phase flow transformation
of a holomorphic vector field. Consider the transversal ' with the chart z. The
inverse image z and the image fy(z) of the transformation fy are by definition the
z-coordinates of the initial point and the endpoint of the arc v with initial point
(z,w™) covering on the solution of (4.1) the loop {w = wTe™ | ¢ € [0,27]} which
belongs to the w-axis. The system (4.1) has separating variables; the desired arc
has the form

Y= {gt(z7w+) |t €0, —2mi]}.
Here {g'} is the local phase flow of (4.1); the arc v is defined if |z| is sufficiently
small. Consequently,

fst = 917(2,27)”7 v(z) = Zk—H/(l + azk)7

and the monodromy transformation fy is imbeddable.

Let p = (z,wt) € S“x{w*}, and v be the curve on the leaf of V through p that
covers S'; the endpoint of v is ¢ = f(p), where f is the monodromy transformation
for V and S*. let p’ = m o H%(p), ¢’ = 7 o H*(q). Then

(4.7) q= fSt(p/)v

see Figure 14.

Indeed, let v, and 2 be two arcs on a leaf of Vg that connect H*(p) and p/,
H"(¢) and ¢’ respectively, and cover two segments on the w axis. Then the arcs
vy PHY (y)y2 and vst are homotopic on the leaf of Vg, because their projections
to the punctured w axes are homotopic on this axis. This proves (4.7), hence,
Proposition 0.4.1. (]

REMARK. The substitutions F* and F!, as well as g and §, are not real on
(RT, ), not even for real equations (4.1), (4.4). It is proved in subsection D that
the multiplier ¢’(0) is nevertheless positive.

C. Proof of the supplement to the theorem on sectorial normaliza-
tion.
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C.1. First steps in the proof of the supplement.

PROOF. We consider the extension of the normalization mapping from the sec-
tors S* and S'; the remaining ones are investigated similarly, but this investigation
is unnecessary for us. Denote for brevity NC* = F*, NC' = FL.

We repeat here the proof of the sectorial normalization theorem due to Mal-
grange [?] with some improvements necessary for the proof of the Supplement. We
deal with F'* only. For F' the proof is literally the same.

Let f be a germ (4.2), and g be its formal normal form:

2mizkt1
C14azk’
where g}, is a time 1 shift along the phase curves of the vector field w. The functional
equation for the map F™ has the form
(4.8) FYof=goF“

Let us pass to the coordinate t that rectifies the vector field w:
. / dz
w(z)
1 a
= 27rikz k_ %lnz.
Denote by f,§, F* the germs f, g, F* written in the chart t. It is important to
notice that

9= Gu(zy» 0(2) =

‘We have:

gty =t+1.
Thus the functional equation above becomes the so called Abel equation:
Fuo f = Fu 1.

The sector S* in the chart ¢ for a = 0 becomes a “left halfplane sector”
- 3
Su = {t|argt € B 2”] |t| > R}

for some R. For arbitrary a € R, S* becomes a curvilinear sector Su. which is
S’é‘ slightly distorted. We are interested in a broader domain described in the
Supplement. Let us describe this domain in the chart ¢.

The domain under consideration is

S =S8"UTI, TI° =t o (exp) o (—k_l)HSf)

PROPOSITION 0.4.2. The germ at oo of the S above belongs to a germ at infinity

of a domain
So = {t||t| > R} \ {t = t1 +ita, t1 >0, t3 <t}

LEMMA 0.4.1. For any M > 0 there exists N with the following property. Let
f = t+14+0(t™) be a holomorphic function in a punctured neighborhood of infinity
with the ray Rt deleted. Then the Abel equation with this f in the left hand side
has a solution F of the form

F=id+ (t~)

in the domain Sy.

Together, Lemma 0.4.1 and Proposition 0.4.2 imply the Supplement, as shown
in the next subsection.
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C.2. Deduction of the Supplement from Lemma 0.4.1 and Proposition 0.4.2.
Consider the functional equation (4.8) in the original coordinates. It has a unique
solution in S* of the form F* = id + o(2**!). This solution may be expanded in
a formal Taylor series denoted by F. Let & 7,24 be the Taylor series of f and g

(formal and convergent at the same time). The following equality in formal series
holds:

or
FoXjoF =3,

Let ¥ be a partial sum of F' up to a term of degree K; this degree will be
chosen later. Then

(4.9) fx =YofoX ™t =g+o0(F).
Consider a functional equation
(4.10) Frgofxg=goFgk.

We will prove that for arbitrary L, K may be so chosen that (4.10) has a solution
Fy of the form:

(4.11) Fg =z +o(z%)
in S. Then substituting in (4.10) the expression for fx from (4.9), we get:
F'=FgoX =3%+o0(z})

in S. This is exactly the statement of the Supplement, which is now proved, modulo
the choice of K.

Let us prove the possibility to chose K so that (4.11) holds. As fx = g+o(2%)
in a full neighborhood of zero, then in the chart ¢, fx = t+ 1+ o(t™N) in S as
t — 00. The degree N tends to infinity together with K.

In the chart ¢ the functional equation (4.10) takes the form:

FKO,]EK :FK—I—I, fK=t+1+O(t_N)
in S. .
Now, by Lemma 0.4.1, this equation has a solution F = t + o(t~™) in S.
Going back to the original chart z, we get: Fx = z + o(z%). Not only N, but M

and L also, tend to infinity as K — oo. So the desired choice of K is possible. This
proves the Supplement, modulo Lemma 0.4.1 and Proposition 0.4.2. O

C.3. Proof of Lemma 0.4.1.

PRrROOF. For this subsection only, replace f from Lemma 0.4.1 by f. Consider
the Abel equation

(4.12) Fof=F+1, f=t+1+o0(t ")
in Sy. Note that the orbits of the shift £ +— t + 1 are not well defined for any
te S8Y=S,n{|t| >r},

however large r be. On the contrary, the orbits of the inverse shift ¢ — ¢ — 1 are
well defined for any ¢ € S? for r large enough, see Figure 15. We will prove below
that the same holds for the orbits of f~!. Let us find F in the form F =t + h, and
denote f =t +1+ ¢, p=o(t"N).
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FIGURE 15

The Abel equation takes the form
o+ hof=h.

The series
h==2 pof™
1

solves equation (4.12) for F =t + h whenever it is well defined and converges.
Consider t € S? for 7 to be chosen later. For r large enough, a cone

K, ={r € Clarg(t —t) — x| < |t| "}

belongs to Sp. Moreover, the orbit {f~%(¢)|k > 1} belongs to K;, see Figure 15.
We have: |7] > |t|1/2 in fC;.

Let t. be a point on this orbit on which |7| restricted to this orbit takes a
minimal value, t, = f~*<(¢). By definition of the domain Sy, and the cone K;

£13
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1/2

lt.| > £]t|/°. Moreover,

o

Sleosr*ml<oS ol <Xt <ay
1 1 —kx

—k.

<

k
Lot

|

oo

1y

— 00

o

k| > N 2 -&
t*—i-Z‘ SCQ/ [t + 8|~ dsﬁCz/ (|t.|” + %) *ds=
— 0o

—00

> _N
C’2|t*|_N+1/ (14 u2) " Fdu = Cylt| N <yt 1.
This implies Lemma 0.4.1. (I
C.4. Proof of Proposition 0.4.2.

Proor. Recall that
S =8,Utoexp O(—kfl)(l_[gf)),
So = {t||t| > R} \ {t = t, +ita, t; >0, 3 <t;}
We have to prove that
(5,00) C (Sp, 00).

For this it is sufficient to prove that the upper boundary curve of (S’ ,00) located
in C* lies above that of Sp. Let the first curve be the graph of a function 7 :
{t|t1 + ita, t2 = n(t1)} We have to prove that

n(t) = V.

For this let us calculate 7(t1), or better some function 1y < n; we will then prove
that 19 > v/f1. We have: for some ¢ > 0,¢; € R, (in fact, c = 51).

toexpo(—k~1¢) = icexp( +iciC.
On the other hand, for any ¢ € (0, 1),
(I, 50) € (P,0), where P = {¢+ || < 5 — €~}

The lower boundary L of P has the form {¢ — & +i£~*|¢ > 0}. Hence, for some
real ¢, c; whose explicit values are of no importance,

D= toexpo(~k)(L) = icoxp(€ — o +i6 ™) +ier(E — 5 +iE ™)

= cexp(& + i) +icy (€ +ie™H).

The curve T is a graph of a function (denote it 7;) that satisfies an inequality
for some C' > 0

Cty
(ln t1)4 =
Obviously, 170 = /1. O

m(t) >

This completes the proof of the proposition, and together with it, the proof of
the supplement to the theorem on the sectorial normalization.
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D. The realness of the derivative ¢’(0) in the expression for the corre-
spondence mapping of a degenerate elementary singular point (a supple-
ment to Theorem 2 in A). Since equation (4.4) is real, the complex conjugation
involution I: (z,w) — (Z,w) preserves it. The semiformal normalizing substitu-
tion in the proposition in subsection B passes into itself under this involution, by
uniqueness. This implies that the normalizing substitution in Theorem 3, which
is also uniquely determined, passes into itself under the involution of conjugation
I:H" oI =1o0H! Then the substitutions F* and F*, which normalize the mon-
odromy transformation, have the same property: F“(z) = F'(z). In what follows we
will say that the corresponding normalizing cochain is weakly real. Consequently,
the Taylor series common for F* and F! is real. Accordingly, in the formula of
Theorem 2 for the correspondence mapping,

A=goAgoF

orm?

the first factor Fjjoprm on the right-hand side can be expanded in a real asymptotic
Taylor series. Recall that

Ag :fOOhk,m fo :exp(—l/z);
kz*
hea = T
1—akzfInz
can be expanded in a real Dulac series (subsection 0.2G). Thus, the Dulac series

for the composition Ay = hg q 0 F¥ . is real. Suppose now that
¢

= .
1—(lnv
Let g = g1 o v; then ¢{(0) = 1. The Dulac series for the composition
folo A= (Ad(fo)gi o) 0 Ay

is real because A is real. The Dulac series for Ad(fp)g; is equal to x (see Lemma 4
in §2). Consequently, the Dulac series for ¥ is real, being a composition quotient
of two real Dulac series. This implies that v > 0 and proves a supplement to
Theorem 1.4.2.

The compositions of the correspondence mappings are better described in the
logarithmic chart. We pass now to this description.

g 0)=v, v=Ad(fo)r:¢

§ 0.5. Transition to the logarithmic chart. Extension of the class of
normalizing cochains

A. Transition to the logarithmic chart. A semitransversal to an elemen-
tary polycycle can always be chosen to belong to an analytic transversal: to an
open interval transversal to the field. A chart on the semitransversal equal to zero
at the vertex and analytically extendible to the transversal is said to be natural;
its logarithm with the minus sign is called the logarithmic chart. A natural chart is
denoted by x and the corresponding logarithmic chart by &; the transition function
is £ = —Inz. In a natural chart the monodromy transformation of the polycycle
is the germ of a mapping (R*,0) — (R™,0), and in the logarithmic chart it is the
germ of a mapping (R, 00) — (RT,00). The notation z = x + iy, ( = £ + in is
used upon extension to the complex domain. Transition to the logarithmic chart is
denoted by tilde: if f is a function that represents some map in the natural chart,
then f represents the same map in a logarithmic chart.
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The following table contains examples of mappings used repeatedly in what

follows.

Mapping in a natural chart

The same mapping in the logarithmic chart

Power: z — Cz"

Affine: (—v(—InC

Standard flat: z — exp(—1/2)

Exponential: ¢ — exp(

A mapping defined in a sector
with vertex 0 and expandable in
a convergent or asymptotic Tay-
lor series f = 2(1+ > 7" a;27)

A mapping defined in a horizontal half-
strip and expandable in a convergent or
asymptotic Dulac (exponential) series f =

¢+ 227 bjexp(—j¢)

hia: 2z kzF(1 —az"FInz)~!

Bia: ¢ k¢ —Ink —In(1 — aC exp(—kC))

An almost regular mapping with
asymptotic Dulac series at zero
z +— Cz"” + > Pj(z)z", where
C>0,v>0,0<vw; /o0, and
and the P; are real polynomials

An almost regular mapping with asymp-
totic Dulac exponential series at infinity
C(—v(—InC+>"Q;(C) exp(—pu;() where
C>0,v>0,0<p; / oo, and the Q; are
real polynomials

The set of almost regular germs with affine principal part the identity is denoted
by RY.

The most important example is a normalizing cochain (see the example in
§1.1) written in the logarithmic chart. Upon transition to the logarithmic chart
the cochain Fjp, becomes a map-cochain denoted by Foorm and defined in the
half-plane C/}: € > a; a depends on the cochain.

The k-partition of a punctured disk by sectors becomes the partition of C}™ into
half-strips by the rays n = 7m/k, m € Z.

The mappings making up Fiorm extend analytically to the e-neighborhoods of
the corresponding half-strips in the partition for arbitrary ¢ € (0,7/2) (a depends
also on €).

They have an exponentially decreasing correction (difference with the identity).

The modulus of the correction of the coboundary has the upper estimate
exp(—Cexp k&) for some C > 0 depending on the cochain.

The mappings making up Fhorm can be expanded in a common asymptotic
Dulac exponential series; see row 3 of the table.

This list of properties, with variations, will appear many times in the future.

The cochain Fnorm is periodic: it is preserved under a shift by 2mi.

The set of all such cochains corresponding to different values of C' and the same
value of k is denoted by N Cy,.

B. Separating the affine factors. We now describe the mappings of the
class TO in the logarithmic chart. Their appearance sharply complicates the in-
vestigation of the monodromy transformations of polycycles; this investigation is
relatively simple without them, see §0.3 and [?]. In a natural chart a mapping A of
class TO is described by the Theorem 2 in §0.4: after a suitable scale change in the
inverse image it has the form A = go Ag; 0 Fyopm where Agy = C'o foohy 4, C € R,
fo(2) = exp(—1/2), hi.o = kz¥/(1 — az¥Inz), and g: (C,0) — (C,0) is the germ
of a holomorphic mapping with linear part the identity. Taking into account the
examples in the table given, we get that the mapping A, written in the logarithmic
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chart, has the form
A= go(id—InC)oexpo fzkya 0 Frorm-

The corrections of the mappings § and Flomm decrease exponentially; the mappings
id — InC and iLk’a have “affine principal part” that does not in general coincide
with the identity mapping. This coincidence holds only when C' = 1 and k& = 1,
respectively.

In what follows it is convenient to group together all the affine factors in the
composition, and for the remaining factors (not considering the exponential, of
course) to make the affine principal part the identity. We mention that

(id —InC) o exp = exp o hy,
ho = id + In(1 — (exp(—¢)InC)) € RY;

the mapping hg is almost regular and has decreasing correction. Next, denote by
ay, the affine mapping ¢ — k¢ —Ink. Then

Bha = hi o ag,
hi=(—1In (1 + %(g—&-lnk) eXp(—C)) .

The exact expression for h; is only needed for seeing that h; € R°. Finally, the
composition
F:akoﬁ‘normOalzl

is a map-cochain corresponding to the partition into half-strips of width 7 by the
raysn = wl, l € Z. Indeed, if the function f; in From 18 holomorphic in the half-strip
n € [xl/k, m(1+1)/k], then the function f;o ((¢+Ink)/k) in the tuple Fyormoay ' is
holomorphic in the half-strip n € [wl, 7(I+1)]. As before, the correction of the map-
cochain F' decreases exponentially with rate of order exp(—¢). This construction
motivates the following definition. Let:

NC = UakONCk oay !,
k

ay, is the same affine mapping as above.

Denote by H the set of germs of mappings (CT,00) — (C*, c0) obtained from
germs of holomorphic mappings (C,0) — (C,0) with linear part the identity by
passing to the logarithmic chart (see line 3 of the table):

H={-Inogoexp(—() | g€ Oo, g(0) =0, ¢'(0) = 1}.
Finally, denote by Aff the set of germs of affine mappings (Ct,00) — (C*,00)
with real coefficients and positive multiplier, and by Mg (R for real mappings) the
set of germs of mappings, below called real, whose restrictions to (RT,00) act as
(R, 00) — R. Then we get finally that

TO C (HoexpoR’oNCo Aff) N Mg < 1o.

C. Description of the cochains of class N'C. As indicated above, all the
cochains in this class correspond to one and the same partition of the half-plane
C/ (a depends on the cochain F € NC) by the rays n = wl, £ > a. The partition
by these rays of an arbitrary domain in the right half-plane is denoted by =4 and
is called the standard partition. The domains of this partition are the half-strips
I; : n € m(j —1),7j, & > a. The half-strips II; and II; adjacent to (R, c0)
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are called the main ones. For what follows we need to extend the mapping in a
normalizing cochain corresponding to the main half-strip of the standard partition,
to a curvilinear half-strip close to the right half-strip |n| < m/2. The possibility of
such an extension follows from the supplement to Theorem 1 in §0.4A

This implies that the cochains in the set A'C possess the following properties.

1. FEach cochain F € NC corresponds to the standard partition of some right
half-plane C}, where a depends on F.

2. All the mappings in the cochain extend to the e-neighborhoods of the corre-
sponding half-strips for some € > 0. The mappings in the cochain corresponding to
the main half-strips Iy and Iy of the partition extend holomorphically to a germ
at infiniy of a half-strip I_L(f) for any € > 0, see (4.3), and the correction of the
extended mapping can be estimated from above by a decreasing exponential.

3. The corrections of all mappings of the cochain extended as in the previ-
ous item may be estimated in modulus from above by the decreasing exponential
exp(—pg) for some p > 0 common for all the mappings in F.

4. The correction of the coboundary 6F in the e-neighborhoods of all the rays
of the partition can be estimated from above by an iterated exponential:

|0F —id| < exp(—C'exp¢)

for some C > 0.

5. The cochain F' may be expanded in an asymptotic Dulac series in its domain,
including the extended components mentioned in item 2.

The properties listed above for normalizing cochains of class N'Cy, become these
properties under conjugation by the affine mapping ar: ( — k{ —Ink. The class
NC may be called an extended class of the normalizing cochains.

This is all that we need to know about the mappings of class TO in what
follows. Denote by FROM the set of germs of mappings inverse to the germs in
the class TO.

THEOREM. An arbitrary finite composition of restrictions to (RT,00) of germs
in the classes TO, FROM, and R either is the identity or does not have fized
points on (RT, 00).

This theorem is proved below. Its proof is purely a matter of complex analysis.
We proceed to an investigation of the compositions described in it.

§ 0.6. Structural theorem and class of a monodromy transformation

A. Preliminary structural theorem. In the previous section we obtained
the following relult.

THEOREM. A monodromy transformation of an elementary polycycle may be
decomposed in a composition of almost regular germs and germs of classes TO,
FROM described in the previous section.

This result summarizes the facts that we need from the local theory of differ-
ential equations.

In this section we will structurize the compositions mentioned in the theorem
above in order to prepare them to the future study started in Chapter 1.
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B. The composition characteristic and class of a monodromy trans-
formation. Definitions of §0.3 may be easily modified for compositions where the
classes TO and FROM are substituted by TO and FROM. This provides a
definition of the characteristic ya of a composition A, balanced and unbalanced
composition, and an analog of Lemma 5 from §0.2.

DEFINITION 0.6.1. A class of a composition A is the oscillation of its charac-
teristic function:

(class of A) = —min xa,

provided that the semitransversal is properly chosen, that is, ya < 0.

The class of a composition is a major parameter of induction used throughout
the whole book. It is denoted by n. For n = 0, the polycycle is hyperbolic, and
the Finiteness Theorem for such a polycycle is proved in §0.3. For n > 0, the proof
goes by induction in n. The induction step from 0 to 1 is proceeded separately in
Part 1. On one hand, it is much simpler than the induction step from n — 1 to n
proceeded in Part 2. On the other hand, it follows the same lines, as the general
induction step. Thus Part 1 serves as an elementary prototype for Part 2. Yet Part
2 is formally independent on Part 1, and may be read right after Chapter 0.

C. Elementary properties of compositions of class n. Before stating the
properties mentioned in the heading, we recall some notation and introduce some. If
Ai,..., Ay, are subsets of some group, then Gr(Ay, ..., Ay) and Gry(Ag, ..., Ay)
denote the group and semigroup, respectively, generated by them. The set of all
products a,, o ---oas, aj € Aj, is denoted by A, o--- o A;. Let:

Ad(f)g=f"togof, Ag=Ad(exp)g,
A7 g = Ad(In)g.
If A and B are subsets of some group, then
Ad(A)B = Gr(Ad(a)b|a € A, b e B).

If B is a normal subgroup of the group G = Gr(A, B), then any element g € G can
be represented in the form g = ba with a € A and b € B. In this case G = Bo A.
Let the classes R, R°, and Aff be the same as in §1.2 CCC. Then R = R o Aff.

We now investigate the simplest properties of compositions of class n. Denote
the group of all such compositions by G,,.

PROPOSITION 0.6.1. G,, = Gr(A*(FROMoRoTO),R|1<k<n—1).

PRrROOF. Let us modify the characteristic of a mapping g € G,, by adding the
compositions expl¥] oln® as shown in Figure 16. Such a modification is possible
because exp € TO, In € FROM, and the composition is balanced. We get the
composition on the right-hand side of the equality in Proposition 1. O

ProrosiTioN 0.6.2.
G, = Gr(A" 1 (FROM o R 0 TO),G,,_1).

PROOF. The relation A¥(FROMoRoTO) € G,,_; is true for k < n—2 because
exp € TO and In € FROM. Proposition 2 now follows from Proposition 1. O
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St
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FIGURE 16

PROPOSITION 0.6.3.

A(Aff) CR; A™(Aff) C Gri.

Proor.
Alal)=C+Ina e R,

A+ B) =C+1In(1 4 Bexp(—()) € R°.

Moreover,

A"Aff € AR € Gy,
O

D. Final structural theorem. The composition FROM o R o TO has the
form

FROMoRoTO = Aff oNC o R0 A(HoR oH) o R o NC o Aff.

We want now to separate the normalizing cochain in this composition from the
factor in the set A(H o R o H). For this we need the following definitions.

DEFINITION 0.6.2. A° = Gr(f € RYoNC | there exists a § € H: Ago f is real).
Note that, by definition,
TO C Hoexpo A° o Aff.
Indeed, if A € TQO, then the germ of A is real on (RT, 00), and
A=goexpohoFoa, geH, heR’, FeNC,ac Aff.

But the composition In o A o a™! is real, and equal to (Ag) o f, f = ho F. Conse-
quently, f € A°.

The class H is not in the class R, because the germs of class R are always real
on (R*,00), while those of class H are not always. This consideration, together
with the preceding formula, motivates the definition

DEFINITION 0.6.3.
HY = Gr(H,R°).

THEOREM 0.6.1 (Final structural theorem).

(6.1) G, C Gr(A"H°, A"'A° G,_1) N M.

f14



eqn:corr

40 INTRODUCTION

PRrROOF. By Proposition 0.6.2 in C| it is sufficient to prove that

(6.2) A""H(FROM o R 0 TO) C Gr(A"H®, A" 'A% G, 1) N Mg

We have:
TO C H oexpoA® o Aff.

Hence,
FROM o R oTO C Aff o A 0 A(HoRoH) o A% o Aff.
But R = RY o Aff and H = Ad(Aff)H. Hence,

HoRoH = HCAff.
Therefore, by Proposition 0.6.3 in Subsection C,
FROM o R 0 TO C Aff o A° 0 A(H®) o A(Aff) o A 0 Aff C Gr(A(H®), A°,R).
This implies (6.2). |
Final structural theorem is the main result of Chapter 0. Both Parts I and II
start with this theorem: Part I deals with the particular case n = 1, Part II with

the general case.
We end this chapter with a few comments.

E. Rate of decreasing of corrections of monodromy maps of class n.
The group in the right hand side of (6.1) contains a germ

go = A"(id + exp(—()).
In fact, the group G, itself contains this germ. We will not need this fact; it
may be proved in the same way as the Proposition in §0.2C.

PROPOSITION 0.6.4. On (RT, 00)
(6.3) go — id = (14 o(1))(exp(—¢€) exp(—exp€)... exp(— expl™ ).

The proof goes by induction in n.
Base of induction: n = 1 (this is more instructive than the case n = 0.

A(§ + exp(—¢)) = In(exp & + exp(—exp§)) =
€+ 1In(1 + exp(—=§) exp(—exp&)) = £ + (1 4 o(1)) exp(—¢) exp(—exp¢)).
Step of induction: from n — 1 to n:

A" (€ + exp(—§) exp(—exp§))(—§)) =
A(§+ (14 0(1))(exp(—€) exp(— exp§)... exp(— expl" 1 ¢) =
&4+ (14 0(1))(exp(—&) exp(—exp&)... exp(— expl™ £).

This proposition shows that the correction of a germ g € G, may decrease
approximately as exp(— expl™ €). Yet it cannot decrease as exp(— expl®*1¢). In-
deed, we will show that the modulus of a non-zero correction of a germ g € G™ is
bounded from below by a multiple exponent of the form exp(— expl™ €) for some
e > 0.
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§ 0.7. Historical comments

For almost sixty years the finiteness problem was regarded as solved. Dulac’s
1923 memoir [?] devoted to it was translated into Russian and published as a
separate book in 1980. The first doubts as to the completeness of Dulac’s proof
were apparently expressed by Dumortier: in a report at the Bourbaki seminar
[?] Moussu referred to a private communication from Dumortier in 1977. In the
summer of 1981 Moussu sent to specialists letters in which he asked whether they
regarded Dulac’s assertion about finiteness of limit cycles as proved. Two month
earlier the author of these lines had found a mistake in the memoir (see [?], [?])
and mentioned this in a reply to Moussu’s letter. An up-to-date presentation of
the main true result in Dulac’s memoir and an analysis of his mistake are sketched
briefly in [?] and [?] and given in detail in [?].

We mention that the greatest difficulties overcome in the memoir are related
to the local theory of differential equations not for analytic vector fields, as might
be assumed from the context, but for infinitely smooth vector fields, and these
difficulties were connected with the description of correspondence mappings for
hyperbolic sectors of elementary singular points. The investigation of compositions
of these mappings that leads to the appearance of asymptotic Dulac series is then
carried out in an elementary manner. The first part of Dulac’s memoir concerns
monodromy transformations of polycycles with nondegenerate elementary singular
points, and the second part those of polycycles with arbitrary elementary singular
points (degenerate ones are added). In the third part the application of resolution
of singularities to the investigation of nonelementary polycycles is discussed; in
the fourth part polycycles consisting of one singular point are considered. The
complexity of the last two parts is due to the fact that they are based on a theorem
on resolution of singularities that was proved only forty-five years later [?].

After Dumortier’s detailed study of resolution of singularities of vector fields in
1977, the arguments in the last two parts of Dulac’s memoir became commonplace;
they are given a few lines in the survey [?] (see §0.1C). The difficulties connected
with the first part of the memoir [?] are overcome by going out into the complex
plane, see §77 above. Thus, all the papers [?], [?], [?], and [?] written in the last
five years on the finiteness problem have overcome in more or less explicit form the
difficulties that were not overcome in the second part of the memoir.

Correspondence mappings for degenerate elementary singular points were thor-
oughly studied in [?] and [?] from the point of view of their extension into the
complex domain. The only difficulty consists in the investigation of compositions
of these and almost regular mappings. To handle this difficulty it was necessary to
develop a calculus of “functional cochains” and of “superexact asymptotic series.”
All subsequent work is devoted to the investigation of the indicated compositions.
The main ideas in the present book are presented in [?], where Theorem A in sub-
section 4A is proved for compositions of germs in the classes R, TO, and FROM
in which germs in TO and FROM alternate.

The geometric theory of normal forms of resonant vector fields and mappings
began to develop in parallel in Moscow and France with work of Ecalle [?] and
Voronin [?] (see also [?], [?], [?]). The first steps in this theory were independent
of the finiteness problem and taken before it was realized to be open.

Here I take the liberty of presenting a reminiscence that can be called a para-
ble on the connection between form and substance. In December 1981 I made a
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report at a session of the Moscow Mathematical Society devoted to two questions
that seemed to me to be independent of each other: the Dulac problem and the
Ecalle—Voronin theory. Having to motivate the combination of the two parts in a
single report, I improvised the following phrase: “Dulac’s theorem shows what the
smooth theory of normal forms gives for the investigation of the finiteness theorem.
This theory cannot give a definitive proof. To obtain such a proof it is necessary to
investigate the analytic classification of elementary singular points.” In uttering the
phrase, which originated there at the blackboard, I understood that this was not a
pedagogical device, but a program of investigation. The first formulation of Theo-
rem 2 in §0.4 was given in Leningrad at the International Topological Conference
in 1982 [?], and a proof was published in [?].

The proofs below of the finiteness theorems make essential use of the geometric
theory of normal forms (§0.4). The finiteness theorem was announced in [?].

Using the theory of resurgent functions he created in connection with local
problems of analysis, Ecalle developed the approach of the four authors of [?] and
obtained in parallel independent proofs of all the finiteness theorems stated in §0.1.
At the time of writing this both proofs (those of Ecalle and of the author) exist as
manuscripts.
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CHAPTER 1

Decomposition of a Monodromy Transformation
into Terms with Noncomparable Rates of Decrease

In the first part of this chapter we give an axiomatic description of the basic
concepts: germs of regular functional cochains, map-cochains (RROK)! and su-
perexact asymptotic series (STAR). The finiteness theorems are derived from these
axioms. In the second part of the chapter we construct a model for these axioms. In
the rest of the text, Chapters 2 — 5, we justify the axioms for the model constructed.

We begin with the general concept of functional cochains , for which the nor-
malizing class of cochains is a particular case.

§ 1.1. Functional cochains and map-cochains

Let 2 C C be an arbitrary domain, and = a locally finite partition of it into
analytic polyhedra: each domain of the partition is the closure of an open set given
by finitely many inequalities of the form w < 0, where w is a real-analytic func-
tion on a subdomain of R?. A tuple F' = {f;} of functions is called a functional
cochain corresponding to the partition = if the functions in the tuple are in bijec-
tive correspondence with the domains of the partition, and each function extends
holomorphically to some neighborhood of its domain of the partition. The partition
corresponding to a functional cochain F is denoted by =

The coboundary JF of a functional cochain F' is defined to be the tuple of
holomorphic functions defined as follows on the boundary lines of the partition:
corresponding to an ordered pair of domains of the partition =¥ that have the line
L as common border is the germ on of the holomorphic function f; — fo, where f;
and fy are the functions in F' corresponding to the first and second domains of the
pair. The tuple of these germs is called the coboundary of the cochain.

Map-cochains are constructed similarly: in the preceding definition it is nec-
essary only to require that the functions f; give biholomorphic mappings of the
corresponding domains of the partition onto their images, and the difference f1 — fo
in the definition of the coboundary is replaced by the composition f; Lo fo. Tt is
required of the tuple f that for a pair of domains of the corresponding partition
with common border along the line £ the composition f; ' o f, of the corresponding
mappings in the tuple be defined in some neighborhood of L.

The preceding definition gives the difference coboundary of a functional cochain,
and the latter one gives the composition coboundary.

EXAMPLE. Normalizing cochains written in the logarithmic chart form the
main example. The role of domain Q is played by a right halfplane C : Re¢ >
a > 0 for some a. The composition coboundaries of these cochains provide so called

LOnce more a Russian abbreviation: Pocrku PEryJIIpHBIX OTOOPAXKEHUI KOIIEIeii.

43



sec:exmon

44 1. DECOMPOSITION OF A MONODROMY TRANSFORMATION

Ecalle-Voronin moduli of analytic classification of parabolic germs. The corrections
of the coboundaris decrease like double exponentials; see §05 for details.

Functional cochains can be added, subtracted, and multiplied. Compositions
are considered for map-cochains. The sum of two functional cochains F' and G is
the functional cochain denoted by F' 4+ G and corresponding to the product of the
partitions =F and Z¢ . This means that to the intersection D; NDs of two domains
of the respective partitions ZF and Z¢ there corresponds the function f; +¢; equal
to the sum of the functions in F' and G corresponding to D; and D,. Differences
and products of functional cochains are defined analogously, as are compositions
of map-cochains. Sums, differences, and products of functional cochains on one
and the same domain 2 are always defined. The composition F o G is not always
defined; a sufficient condition for its existence is that there exists a positive number
¢ such that the mappings in F' extend to the e-neighborhoods of the corresponding
domains of the partition, and the correction G — id of G is less than e in modulus.
In what follows, all the partitions will have a boundary line (R*, c0). A component
of a cochain F that corresponds to a domain of partition adjacent to (R, 00) from
above (from below) is denoted by F“ (respectively, F'); u stand for upper, [ for
lower.

The domains of all the map-cochains defined below are open and contain
(R, 00). Hence, the compositions of map-cochains are defined at least in some
neighborhoods of (RT, 00).

§ 1.2. Extending the group of the monodromy transformations of class
n

In this section we will extend the group G, named in the heading in such a
way that elements of the extended group G™ might be represented according to the
Additive Decomposition Theorem below. This representation will be used to prove
that the corrections of the germs of the group G™ do not oscillate.

The group G is the group R of almost regular germs. It will be used as a base
of induction in n (the class of the composition).

The group G' is also constructed in Part 1. This construction is merely the
induction step from 0 to 1. Here we proceed the step from n — 1 to n, and the
construction of Part 1 is a particular case of this procedure.

Fix n and assume, by induction, that all the groups G™, m < n are constructed.
We will then construct the group G", and prove various properties of this group.
At the same time, we will prove the same properties for the group G° (base of
induction). We will make an induction hypothesis that all these properties hold for
the groups G™, m < n.

Recall that H is a group of all parabolic germs of conformal mappings at zero
written in the logarithmic chart. Recall also that

HY = Gr(R°, H),

AY = Gr(f € R® o NC | there exists a § € H: AGo f is real).
According to the Final structural theorem,

Gn C Gr(A"H®, A" 'A% G,_y).
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By induction assumption, the group G™*~! O G,,_; is constructed. Consider a
normal subgroup generated by A" 1A% in Gr(A"1A° G, _):

@) I =A@

We will construct a set of functional cochains of class n that consists of two
subsets FC{ and FC7™!, called cochains of class n and type zero (class n and
type 1 respectively). We will start with some properties of these cochains taken as
axioms. Later on we will built a model for these axioms. That is, we will define
the cochains of these classes explicitly, and then justify that the model satisfies the
axioms stated above.

Note that cochains of class 1 are already defined in Part 1: FCj and FCY are
simple and sectorial cochains respectively.

Cochains that decrease exponentially in their domain are called fastly decreas-
ing; this property is marked by adding a plus sing as a right subscript.

Everywhere below, a superscript in square brackets denotes the corresponding
composition power of the germ of a diffeomorphism:

f[k]:fofo-uof (k times).

An exception is the notation for the germ of an inverse mapping: we write f—!
instead of fI-1I,
The first axiom is:

eqn:ax0| (2.2) A"H® Cid + FCP o expl™

eqn:axl| (2.3) JhCc Gr(id + FCiT o exp"oglg € G"72).

The second statement of this axiom will be repeated later as a part of another
axiom called The Fourth Shift Lemma.
Denote by H™ the following group:

H"™ = Gr(id + FC\ o exp™ oglg € G"71).
Let
G" =Gr(H™,J" G N Mp.
Obviously,
G" D G,.

This completes the construction of the group G™ that will be studied all over the
rest of the book.

Before stating further axioms, we need some preparations. They are made in
the next section.

§ 1.3. Multiplicatively Archimedean classes and proper groups

In this section we describe a grading of functions according to rate of decrease
that arises naturally in the study of compositions of correspondence mappings. We
also introduce proper groups.
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A. Classes of Archimedean equivalence.

DEFINITION 1.3.1. A subset of the set of all germs of functions (RT,c0) — R
is ordered according to growth if the difference of any two germs in this set is a
germ of constant sign:

f=9g <<= f—g>0.
The sign > is used as the “greater than” sign for germs: f — ¢ > 0 if and only if
there exists a representative of the germ f — ¢ that is positive on the whole domain
of definition.

DEFINITION 1.3.2. Two germs of functions f and g carrying (R*, 0o) into R are
said to be multiplicatively Archimedean-equivalent if the ratio of the logarithms of
the moduli of these germs is bounded and bounded away from zero. In the language
of formulas, f ~ g if and only if there exist ¢ and C such that

0<c<|n|f[/In|g]| < C.

This is clearly an equivalence relation. A class of multiplicatively Archimedean-
equivalent germs is called an Archimedean equivalence class.

ExAMPLES. The germs &, 2, expé&, exp(—exp u), exp(—expl?(¢ 4+ C)), and
exp(— expl#! §) are pairwise multiplicatively Archimedean-nonequivalent for dif-
ferent values of p > 0, C, and k. The germs exp ué and expré, as well as
exp(— exp({+a)) and exp(— exp(£+0)), are multiplicatively Archimedean-equivalent
for arbitrary real o and 3 and arbitrary real nonzero p and v.

B. Proper groups.

DEFINITION 1.3.3. A group of germs of diffeomorphisms (RT,00) — (R, c0)
is said to be ordered if it is ordered in the sense of Definition 1.

DEFINITION 1.3.4. A group of germs of diffeomorphisms (R*, 00) — (R, c0)
is said to be k-proper if:

1°. the germs of the group differ from linear germs by a bounded correction;

2°. the group contains the germ A (u€) for an arbitrary u > 0;

3°. the group is ordered.

EXAMPLES. 1. The group G = R is O-proper. (GY is, in fact, 2-proper, but
this will not be used). Indeed, requirement 1° follows from the decomposability of
the germ into a Dulac series. Requirement 2° simply means that real linear germs
are almost regular. Requirement 3° was established in §0.3 with the help of the
Phragmen-Lindelof theorem.

2. The main example: for any m, the group G™ is m-proper. For m = 0 this
is just proved. For m < n this is the induction assumption used throughout the
book. For m = n this is proved in §1.5.

In §1.6 we prove (modulo some auxiliary statements that are proved later) that
the corrections of monodromy transformations belong to Archimedean classes that
can be obtained with the help of the following construction.

Let G be an arbitrary k-proper group. For any g € G we denote by .A’gc the
Archimedean class of the germ exp(—exp!*! o g). Let:

A= (A g€ G)
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EXAMPLES. 1. The set A?LW consists of the unique Archimedean class with
representative exp &.
2. The set AL consists of the Archimedean classes of germs

fu=exp(—exppug), pn>0,

and only of them.
Indeed, let g € R be an arbitrary almost regular germ. Then there exist positive
constants p and C' such that

uE—=C)<g=pu&+0).
Consequently, setting a = exp(—upC') and b = exp(uC), we get that
(fu)* = fuo(§—C) <exp(—expg) < fuo(§+C) = (fu)b-

This means that the germs f,, and exp(—exp g) are multiplicatively Archimedean-
equivalent.

The properties of the Archimedean classes constructed are used repeatedly in
what follows.

C. Generalized multipliers and special subsets of proper groups. The
main role in comparison of Archimedean classes in the set A’& (the group G is k-
proper) is played by the compositions A=*g, g € G; see Proposition 2 below. We
begin with a study of these compositions.

DEFINITION 1.3.5. For any germ g : (Rt,00) — (R™,00), the generalized
multiplier of order k, A\i(g) is defined as

A g) = lim A kg é
k( ) (]Rl, ) / )
provided that the limit exists.

PROPOSITION 1.3.1. Suppose that G is a k-proper group. Then for any germ
g € G there exists a generalized multiplier of order k, zero, positive, or infinite.

PROOF. Let f and g be arbitrary germs in the group G. Since f and g are
germs of diffeomorphisms, the following relations are equivalent:

f<g and A7Ff< ARy
Consequently, for any A > 0 one of the following three relations holds:
ANX) =g, AFA =g, A*(XE) - g,
or, what is equivalent,
N < ARG Xe=ATFg, A= ATFg. O
Therefore,
sup{A > 0 [ \¢ < A7Fg} = i A7Fg/E = Milg).
REMARK 1.3.1. When the group G is given, and the number k is fixed, for
which the group G is k-proper, then the following mapping is defined:
Me: G —0URT U0, g+ A(9g).
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Let
A 0) = Gaows A (RT) = Grap, Ay (00) = Gy,
Gaow =G \ Grap = CYYs_low U G:Iow'
In other words, G ., Grap, and G;q()w are the subsets of G consisting of those germs

¢ such that the composition A=*g¢ increases more slowly than any linear germ, like
a linear germ, and more rapidly than any linear germ, respectively.

REMARK 1.3.2. Obviously, Gyap is a group, while G, and GJ  are semi-
groups. The designations rap (rapid) and slow indicate the rapidity and slowness

. f e + _ =E
of decrease of the corrections. Moreover, G © Grap = G-

ExXAMPLES. 1. For the O-proper group G,
g
A(g) = lim =—==

()(Wm)f
exists and is finite.

2. In what follows, we always consider the generalized multipliers of the k-th

order for the elements of the groups G*. This gives rise to the group Gfap and to
k+

slow *

semigroups G

D. Archimedean classes corresponding to a proper group. The follow-
ing three propositions enable us to compare germs in Archimedean classes belonging
to the sets Ag for the same or different k£ and G.

PRrROPOSITION 1.3.2. Suppose that G is a k-proper group, and f,g € G. Then
the Archimedean classes A’Ji and A’; coincide if and only if h= fo g™ € Grap. In
the language of formulas,

A=A = fog™' € Grap.

PROOF. The germs ¢ = exp(—expl¥ o f) and 1) = exp(—exp!* o g) are multi-
plicatively Archimedean equivalent if and only if the analogous equivalence holds
for the germs

(3.1) exp(—A7Fh) and exp(—¢), where h= fog L

Let h € Grap. Then by the definition of the group Giap, there exists A = Ag(g)
such that A=%h = (A + o(1))¢.

This implies the multiplicative Archimedean equivalence of the germs in (3.1).

Conversely, if the germs in (3.1) are equivalent, then the germ A~Fh does not
increase more rapidly nor more slowly than a linear germ, that is, h € Gyap. (]

DEFINITION 1.3.6. Let G be a k-proper group, and let f,g € G. We say that
f==ginGif fog~teGy

slow *

ProPOSITION 1.3.3. Suppose that G is a k-proper group, f,g € G, f << g,
pe A, e A, and o — 0 and ¢ — 0 on (RT,00). Then || < |p*| on (RT, 00)
for any A > 0.

PROOF. By definition, the germs |¢| and |¢| belong to the Archimedean classes
of the germs ¢ = exp(— expl¥l of) and ) = exp(— expl*l og), respectively, and can
be estimated from above and from below by positive powers of them. Therefore, it
suffices to prove that for any A > 0

P < PN
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This is equivalent to the inequality exp(—¢) < exp(—AA~*h), where h = fog~!.
The last inequality follows from the fact that the germ h increases at infinity

more slowly than any linear germ, by the definition of the semigroup G .. (]

PROPOSITION 1.3.4. Suppose that G and G are k- and m-proper groups, re-
spectively, k < m, f € G, g € G, @EAk,¢€A;n, and ¢ — 0 and 9p — 0 on
(R*,00). Then || < |p*| on (R, 00) for any A > 0.

PRrROOF. Let

[m]

5 = exp(—expl of), 1 = exp(— expl™ o).
As above, the germs ¢ and ¢, as well as ¢ and ¥, are multiplicatively Archimedean-

equivalent. Therefore, as above, it suffices to prove that 1) < ¢* for any A > 0.
This is equivalent to the inequality

32 exp(—0) < exp(-X0)
for any A > 0, where
o=exp™ oA kh, h=gof

PROPOSITION 1.3.5. The germ o defined above increases on (R* oc0) more
rapidly than any linear germ.

PROOF. It suffices to prove the proposition for m —k = 1; further compositions
with an exponential only increase the growth. Accordingly, let ¢ = exp o A=*h.
We prove that for any C > 0,

(3.3) A7Fh - Cln¢

This inequality can be proved by induction on k.

INDUCTION BASE: k& = 0. Requirement 1 in the definition of a proper group is
used here; it implies that the germs f and ¢ differ from a linear germ by a bounded
correction. Consequently, the germ h has the same property. Therefore, h > £ for
some ¢ > 0. This gives the induction base: the inequality (3.3) for k = 0.

INDUCTION STEP. Suppose that the inequality (3.3) has been proved for some
k. Let us prove it for k + 1. We have that

A= o A7 (2Iné) = exp(20Inolné) = (In€)? = C'lné

for arbitrary C' > 0. The inequality (3.3) is proved.
Consequently, for arbitrary C' > 0,

o>=expoCln¢ =&°. (]

The inequality (3.2), and with it Proposition 4, follows immediately from
Proposition 5. 0

§ 1.4. Axiomatic description of functional cochains of class n

sec:ax

A. Strategy. Our goal is to decompose a non-identical monodromy transfor-
mation of an elementary polycycle of a planar analytic vector field (in what follows,
simply monodromy transformation) into a sum

A=id+ep+9y
such that 1 decreases faster than ¢, and ¢ is not oscillating. The precise statement
is the Additive Decomposition Theorem (ADT) below.
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The terms ¢ and 1 are expressed through so called cochains of class n. As
mentioned in Section 1.2, there are two types of these cochains denoted by ]—"C”f71
and FC{. The explicit definitions of these cochains are lengthy; we postpone them
until the second part of the chapter. In a few subsections to come we give an
axiomatic definition of these cochains.

B. Shift lemmas. The cochain F' that decreases exponentially fast in its
domain (alwais included in the right half plane):

[F(Q)] < exp(—¢)
is called rapidly decreasing; the sets of these cochains in .7-'(:”11_1 and FC{ are denoted
by .7-"0711;1 and FCy, respectively. Equalities with plus in brackets mean that the
equality holds with plus (then with no brackets), as well as without plus.

LEMMmA. SL1,,

a)FCh4y © expl oGrl = FCoiyy o exp™l.

rap
b)]-'C;L(jrl) o expl"~1l OGf;f = ]—'C?(jrl) oexpnll,
Convention. Let n be fixed, and 1 < m < n. Then FC™ stands for FCT" if
m <n—1, and FCj if m =n.
Let m <n, g € G"!. Denote
[m]

f{i)g = fCE”H o exp og.

According to the above Convention, this means that

[m]og7 m<n-—1;

Fll+)g = FCi(4) o exp
Fo4)g = FCoyy © exp™ og.
Again, according to the above convention, SL1,, takes the form

LEMMA. SL1, Let m=n—1 orn, g € G-, Then

rap

Flhe = FClhia-
We precede the formulation of the next lemma by

DEFINITION 1.4.1. a. If f and ¢ belong to G*, then f << g in G* if and only
if f Og_l € Ggl;w'

b. (k,f) < (m,g) if and only if f € G¥~1, g € G™ !, and either k < m, or
k=mand f << g in G™L.

THE SECOND SHIFT LEMMA, SL 2,. Let m =n — 1 or m = n, and suppose
that (k, f) < (m,g) and ¢ € }'J’?. Then
po (id+.7:fg) Co+FL,.
THE THIRD SHIFT LEMMA, SL 3,,. a. Let m =n—1 or m = n, and suppose
that f == g in G™ L or fog=te Gg;l. Then

Fliypo (id+FYy) C Fliyy
b. (id + ]-'_’f_””g)*1 = id + FY, for an arbitrary g € Gm1,
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THE FOURTH SHIFT LEMMA, SL 4,,. a. J* ! C Gr(id+]—"{:1).

b. }—Sl(ﬂgan_l - F&HQ'

We emphasize once more that, by the induction hypothesis, all these lemmas
are assumed to be proved for 1 < m < n—1 (n a positive integer), as are Theorems
MDT,, and ADT,, stated below. The induction base—proofs of the lemmas for
m = 1-is contained in Part 1.ccc!

C. Weak realness and lower estimate.

DEFINITION 1.4.2. A functional cochain is said to be weakly real if the corre-
sponding partition contains the ray (R*,c0) in its boundary, the domains of the
partition adjacent to R are mutually symmetric with respect to R, and

F(¢) = F'(¢)
A composition
peFF, p=Foexpltlof, Fe FC*, fe G k<n
is said to be weakly real if F' is weakly real.

If we replace a cochain by a holomorphic function, that is, F* and F'! are
analytic extensions of one another, then the previous definition simply means that
F* = Flis real on R.

THEOREM 1.4.1 (Lower Estimate Theorem, LET,, ). Letm =n—1 or m =n,
F e FC™, and F is weakly real. Then there exists v > 0 such that

|ReF| = exp(—v€) on (RT, o).

Denote by S the symmetry operator S : F — SF, SF(¢) = F(C). Let I[F =
F — SF. A cochain F is weakly real iff I[F'=0 on (R, c0).
Symmetry axiom. If F € FC*, k < n, then SF € FC*. Hence, if ¢ € FF,

then Sp € F}.

D. Phragmen—Lindelof theorem for cochains. Let m =n —1 or m = n,
F € FC™. Let F decrease on (R, 00) faster than any exponential:

|F(&)] < exp(—v€) on (RT, 00)Vr > 0.
Then F* =0, F! = 0.
The theorem also holds for G = I'F for any F' € FC™.
E. Upper bound of the coboundary.

THEOREM 1.4.2. Let 1 <m <n, € FC™ Then

|6F| < exp(—v€) on (RT, 00)Vv > 0.

Moreover, the spaces }'C?jr)g are linear (this statement will be made precise
below).

The four Shift Lemmas above, as well as inclusion (2.2) and the statements
of the three previous subsections are taken as axioms that hold for the functional
cochains of classes FC™, m < n. These axioms imply the multiplicative and additive
decomposition theorems stated below.
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§ 1.5. The multiplicative and additive decomposition theorems

MULTIPLICATIVE DECOMPOSITION THEOREM, MDT,. 1°. G® = G" 1o

Jlo H™ .
20, Let A be a monodromy transformation of class n or, more generally, A €
G". Then
(5.1) A =ao]]Gd+¢;) o [+ ),
where
52) e 41

pj €Fily, 0<kj<n—1,
by € Filrys 1 €GHT gy e GMTY
(kj, f5) < (kjg, fi41), g5 << g1 in G"1

According to the Convention in Section 1.4 C, formulas (5.1), (5.2) take the

form:
. k;
A=aoll(id+¢;),a € Alf, g; € Fp, kj <n, (kj, f;) < (kjs1, fiz)-
ADDITIVE DECOMPOSITION THEOREM, ADT,,. Let A be a monodromy trans-
formation of class n, or, more generally, A € G™. Then the following expansion is
valid:

53 NP P e
a€Alf, pe Fiiy, 0<k;<n—1,
¥ € Forg,s fi € GM g e G

(kj, f5) < (kjgr, fi41), g5 << g1 in G

Moreover, all the terms given by the formula (5.3) in the expansion for A —id are
weakly real.

According to the Convention in Section 1.4 C, the ADT,, takes the form:

k;
(54) A=a+) ¢ acMf, ¢ €F, 0<k; <n, (kj, f;) < (K, fi)-

REMARKS. 1. The theorem MDT,, enables us to represent an arbitrary mon-
odromy transformation A € G™ of class n as a composition

AcAffod%0(H oJY)o o (H" o 1) o H™.

The corrections of germs of class H¥o.J* decrease no more slowly than exp(— expl® pug )
on (RT,00), where 1 > 0 depends on the germ.

2. The main theorem is the additive decomposition theorem; the multiplicative
theorem is needed mainly in order to derive from it the additive theorem.

3. The assertion of the ADT,, about the weak realness of the terms in the
expansion of the real correction g — id enables us to get a lower estimate for this
correction, and prove that it is non-oscillating. This is done in the next section.
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§ 1.6. Reduction of the finiteness theorem to auxiliary results

Here we prove the Identity Theorem for the monodromy maps of class n. We
recall its statement.

THEOREM 1.6.1. Let A be a monodromy transformation of class n, and A €
Fizso. Then A = id.

PROOF. Suppose that A # id. Consider the decomposition (5.3) given by the
ADT,,.

Suppose first that a # id. In this case the correction A —id does not vanish
on (R*,00), because a — id is bounded from zero, and all the other terms tend to
zero on (RT, 00).

Suppose now that a = id. Let ¢ be the first non-zero term after id in the
decomposition (5.3). Let

o=FoexplFlof, Fe fCi,f e GF L.
By ADT,, F' is weakly real. Hence, by LET,,

|Re F| = expv€ on (RT, 00)
for some v > 0. On the other hand,
|F| < exp(—e€) on (RT, c0)
for some £ > 0. Hence, Re ¢ € A’fc, an Archimedian class of exp(— exp*lof).

Any other term ¢ in the decomposition (5.3) for A has the form

Y =Goexp™og, Ge FCl, g€ Gm
and (k, f) << (m,g). The cochain G is rapidly decreasing. Hence,

|G| < exp(—€€) on (RT, 00)
for some ¢ > 0.
Therefore, ¢ belongs to the Archimedian class .A’jc, and 1 is majorized by a
germ from an Archimedian class A7". By Propositions 3 and 4 in §1.2D, the germs
of the second class decrease faster than the germs of the first one. This implies that

A—id >~ %|Re o| = exp(—expl®! 1)
for some p > 0. Hence, A ¢ Fix,,, a contradiction. O
The same method provides a proof of the following
PROPOSITION 1.6.1. The group G™ is (n+1)-proper in sense of definition 3.4.2.

PRrROOF. First, we need to prove that the group is ordered by the relation >.
Consider two germs g, § € G and let g be decomposed as A in (5.4), and

M
g=a=y i, ¥ € Fpt, (my,gr) < (Miy1,9141)
1

be a decomposition provided by the ADT,,. Consider the difference

g-—g=a—a+» ;= > .
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If @ # a, then a > @ or a < @ implies g > § or g < g respectively. If a = @, consider
two sets

{(kj, f)li=1,.... N} {(my, @)l =1,..., M}
If (k1, f1) = (m1,91), then g — g = v1(1+0(1)), and g = g1 < 1 > 0. Let neither
(k1, f1) = (m1,g1) nor vise versa. Then k1 = mq, f1o0 gfl € G;fgl;l. By Lemma
SL1,, in this case

mi my

+f - Y+
In more detail
FC{t o A7™(f10 gt) = Fco
by SL1,. Hence, both o1 —11 € FC" . If o1 —1p1 # 0, then g—g = (p1 —1)(1+
0(1)), and the same arguments work.
Let @1 = 91. Then take the least j for which ¢; # ;. If (k;, f;) < (m;,9;5),

then

Re (g — §) = Re ¢;(1 4+ 0(1)),
and is either positive or negative near infinity. If neither f(k;, f;) < (my,¢;), nor
(kj,fj) - (ml,gl), then

p; — ¥ € Fg \ {0}

Arguing as before, we get:

9—39="(p; —¥;)(1+o(1)).
Hence, g — g is comparable with 0 again.

Second, we have to prove that A"T'Aff c G™. This was done in Proposi-
tion 0.6.3 of Section 0.6.C. O

We now switch to the proof of the multiplicative and additive decomposition
theorems.

§ 1.7. Proof of the multiplicative and additive decomposition theorems,
MDT,, and ADT,,, modulo auxiliary facts

The above theorems are already proven for n = 1 in Part 1. We fix n and make
an induction assumption that MDT,, and ADT,, are proven for all m < n. The
induction step: proof of MDT,, and ADT,, occupies the rest of the book. In the
next three subsections we deduce these theorems from the axioms above. Building
a model for these axioms occupies the rest of Chapter 1. Justifying the model, that
is, checking that the axioms hold for the model constructed, forms the rest of the
book: Chapters 2 — 5.

A. Principle: shift — conjugacy. In this secton we prove conjugacy lemmas
from which MDT,, is deduced below. The general idea is that a shift property
implies a corresponding conjugacy property, as is shown in the proof of the following
lemma. The proof is presented in subsection C' below.

LemMA 1.7.1 (Conjugacy Lemma 1,,, CL1,). Let
m<n, fE€G™, o Fly, peFT, [ <=y

Then
Ad(id + p)(id+ ) € id+ F.
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ProoFr. By SL3,,
(id+ o) ' =(d+ @), € FLYy.
Then
(id+ @) o (id +9) o (id + ) = (SL2,)
(id+ @+ ) o (id + @) (¢ € F) = id + ¢ o (id + ¢) = (SL3y)(id + )P € F).
U

Conjugacy Lemma 1,, allows us to order properly the terms inside J"~! and
H"™.
LEMMA 1.7.2 (Conjugacy Lemma 2,,, CL2,).
Ad(J"YHH™ = H™.

PRrROOF. Let us prove the conjugacy relation for the generators only; it will
imply the lemma. By SL4,a, the group J"~! is generated by germs of the form

id+ o, € }'1}71, feGg 2
By definition, H" is generated by the germs
id+y,¢ e Fi, g€ Gt
We have to prove that
Ad(id + ¢)(id + ) € id + F1,.

The proof is the same as above; only the reference to SL3,, is replaced by a reference
to SL4,b. O

LeEmMA 1.7.3 (Conjugacy Lemma 3,,, CL3,).
Ad(G"YH™ = H™.
Proor. Take a generator of H" again:
id+ 1, € Fiy, ge G
Let f € G"™!'. We have to prove:
Ad(f)(id +v) € id + FY,.
By the induction assumption, ADT,,_; may be applied to f~!:

f_1:a+2<pj, a € Aff,p; Eff,]}fj, kj<n—1, ¢; E]'-(]ch}fjv kj=n-1
By SL2,,
pjo(ld+v) =@;+v;, ¢; € Fiy.
Let
15:2%'6]:19'
Then
frolid+y)of=(f"+d)of=id+dofecH"

since o f € F 40z by definition. |
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B. Proof of the MDT,1°.

PrROOF. We have to prove that
Gr(H™, J" LG Y =G" o o H".
For this it is sufficient to prove:
Ad(Gm gt =g
Ad(J"HH" = H",
Ad(G"YH™ = H™.

The first equality is an immediate consequence of the definition of J"~!; the second
and third ones form the contents of the Lemmas CL2,, and CL3,, above respectively.
O

C. Proof of the MDT, 2°. We have to prove that if g € G", then
g=aoJGd+¢;) o [Jld+ ),

where
a € Aff,
p; € Ffifj’ kj <n-—1,
(GRS fg—i—gﬁ Ii € ij—l’ gj € Gn_l,

and the factors are properly ordered, that is

(kj, f3) < (kjt1, fig1), 95 =< gj+1 in Gt
By MDT,1°,

g=gojoh, geG" ™, jeJ" !, he H"

By MDT,,_12° that enters the induction hypothesis, the germ g may be properly
decomposed. On the other hand,

(7.1) g=gojoh, geG 2 jeJ? heH" .
Moreover,
o . 7 7 n—1 f n—2
h=[lGd+9), & e 7151 e 6"
Formula (7.1) implies that these factors are the last in decomposition for §.

The germs j and h above are the products of generators of the groups J»~!
and H™. Hence,

i=]]Gd+&)). ¢; € Fiih fiean2.
h=[]Gd+v), ¢; € 71,1 g€ G

By CL1,,, the factors in the product ho j o h may be properly ordered. This
completes the proof of MDT,,2°

REMARK 1.7.1. By the way, the factors in the product ho j may be shuffled.
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D. Proof of the ADT,,.

ProOF. Let us deduce ADT,, from MDT,, and SL2,,. The proof goes by in-
duction in the number of factors in the decomposition given by MDT,,.
INDUCTION BASE (case of one factor) is obvious.
INDUCTION STEP. Suppose now that the ADT,, is proved for a product of k—1
factors. Let us prove it for k. Let g be the same as in the MDT,,:
k
g=ao H(id +;), ;5 € ff;j.
1
and the factors are properly ordered. Set
k—1

g=ao []Gd+e,).
1

By the induction assumption,

g=a+Y ¢ €F), 1<j<k—1.

Then,
g:.go (ld+¢k)7 YK € F_Tfkka (mjafj) =< (mkvfk)a 1 S] < k—1.
Hence,
k—1
g=g=a+y &o(id+g).
1
By SL2,,

g=a+) @i+ Y Wy, b€ FLY.

By linearity of 't | we have

Zizjj € frfk

This completes the proof of the required decomposition.

It remains to prove that all the terms in the decomposition (5.4) may be taken

weakly real. Let S be the symmetry operator introduced above: Sf(¢) = F(().
Replace all ¢; in (5.4) by ¢; = %(goj + S¢;). The latter composition belongs to
]—"_T;J by the symmetry axiom, and ¢; = S@; on (RT,00); hence, ¢, is weakly
real. On the other hand, a + > ¢; = %(g + Sg). But g is real on (RT, 00), hence,

1(g+ Sg) =g on (R*,00). Hence, g =a+ Y ¢;, all ¢; are weakly real. O

§ 1.8. Strategy of the further proof of the Finiteness Theorem

The first part of Chapter 1 is over. The second part is started by the general
outlook of the further proof that may be illustrated by the diagram shown on Figure
1.

The blocks contain the names of the major auxiliary statements as well as that
of the finiteness theorem itself. The arrows, as usual, show the implications. Solid
arrows show the implications that are already proved. Dashed arrows show the ones
to be proved. There are no arrows to enter the lower left block. It is included in
the induction assumptions. The induction step — proof of the properties of special
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admissible germs of the class n+ 1 relies upon all the previous results, and is carried
on in Chapter 5. It is symbolized by the upper box.

The first step is to built the model for the axioms above. This is done in
the second part of this chapter. By the way, admissible germs mentioned in the
South-West box, are defined. The cochains of classes FCj and FC}~! are char-
acterized by two major properties: regularity and extendability. These properties
correspond to the two upper boxes in the south-east corner of the scheme. The
Phragmen-Lindel6f property relies upon the regularity only, whilst the lower esti-
mate requires both regularity and extendability. The proofs of the Shift Lemmas
and the Phragmen-Lindel6f theorem make use of some properties of the admissible
germs. The induction assumption is that these properties hold for the admissible
germs of class n. For this reason, no arrow comes to the south-west box on the
scheme.

To complete the induction step, we prove the required properties for admissible
germs of class n+ 1. This is done in Chapter 5. The proof makes use of the ADT,,
and of LET,,. These implications are not shown on the scheme.
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The Shift Lemmas are proved in Chapter 2 (regularity part), and in Chapter 4
(the expandability part). The Phragmen-Lindeldf theorem is proved in Chapter 3.
We turn to the explicit definitions of the cochains of class n.

§ 1.9. A heuristic description of superexact asymptotic series

As shown in §0.2.C, ordinary asymptotic series are insufficient for the unique
determination of monodromy transformations. Superexact asymptotic series are
needed; the idea for constructing them goes as follows.

Suppose that a set M;j of germs of mappings (RT,00) — (RT,00) is being
investigated. Each of these germs can be expanded in an asymptotic series whose
partial sums approximate the germ to within an arbitrary power of z, for example,
in a Dulac series. Such series will be called ordinary series. However, it is desirable
to expand the germs under study in series whose terms have not only a power order
of smallness, but also an exponential order of smallness. At first glance this is
impossible: an arbitrary remainder term of an ordinary series has power order of
smallness, and it seems meaningless to take into account exponentially decreasing
terms.

This difficulty is gotten around as follows. An intermediate class My of func-
tions is introduced; the functions in this class are expanded in ordinary series and
are uniquely determined by them, that is, the zero function corresponds to the zero
series. For example, M can be taken to be the set of almost regular germs, given
in a natural chart. Then the germs of the class M; are expanded in series of de-
creasing exponentials, and the coefficients in this series are no longer numbers but
functions in the class My. The simplest example of a STAR has the appearance

S =ao() + ) a;(€) exp(—vjexp ),
(91) a; € Mo, 0< Vj / 0.

A series X is said to be asymptotic for a germ f if for every v > 0 the series
has a partial sum approximating the germ on (R™, 00) to within o(exp(—vexp&)).
All information about the expansion of f in an ordinary series is included in the
free term of the superexact series: the ordinary series for f and ag coincide.

By a simple example we show how to use superexact series to prove a simplified
version of the identity theorem. Assume in addition to the preceding that the class
My (My) contains the germs of the functions 0 and x, and that the germs of this
class can be expanded in Dulac series (respectively, in STAR (9.1)) and are uniquely
determined by these series. Then we have the

THEOREM. f € M; NFix, = f =id.

The theorem is proved according to the same scheme as the corrected Dulac
lemma in §0.2B. Suppose that the theorem is false: there exists an f € M; N
Fixoo, f # id. Let (9.1) be a STAR for f. Assume first that ag # id. Then the
corresponding Dulac series ag — id is not 0. Consequently, the germ of ag — id is
equal to the principal term of its Dulac series, multiplied by 1+ o(1); in particular,
for some v > 0,

|ag —id| > exp(—v§).
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Further, it follows from the expandability of f in a STAR (9.1) that
1 —1d] > Jao — id] + (Jar] exp(—1 exp€))(1 + o(1))

= exp(—v&)(1+ o(1)).

Consequently, f —id # 0 for small z, and hence f ¢ Fixy, a contradiction.

Suppose now that ag = id, f # id. Then the STAR (9.1) is different from id;
otherwise f = id, since a germ in the class M is uniquely determined by its series.
We get from the definition of expandability that

f—id = (a1 exp(—v1exp&))(1+o(1)).

Arguing as in the preceding paragraph, we get that a; # 0 for small . The two
other factors in the formula for f — id also do not vanish near zero. Consequently,
f ¢ Fixs, a contradiction.

REMARK. Monodromy transformations of polycycles can be expanded in as-
ymptotic series not only in simple but also in multiple exponentials of the type
exp(—v expl™ §).

The number n in this composition is the basic parameter used for proving the
identity theorem by induction. In the first part, see also [?], we take the case n = 1;
in the second part, we take arbitrary n. The second case is much more complicated
technically, but all the basic ideas are used already in the case n = 1. An exception
is Chapter V, an analogue of which is not needed for n = 1.

We now pass to the definitions of the cochains of class n, that is, to constructing
the model for the axioms above.
§ 1.10. Standard domains and admissible germs of diffeomorphisms
A. Standard domains: definition and examples.

DEFINITION 1.10.1. A standard domain is a domain that is symmetric with
respect to the real axis, belongs to the right half-plane, and admits a real conformal
mapping onto the right half-plane that has derivative equal to 1+ o(1) and extends
to the d-neighborhood of the part of the domain outside a compact set for some
0> 0.

REMARK. The correction of the conformal mapping in the previous definition
increases more slowly than ¢|¢| at infinity for each £ > 0.

Two half-strips are used repeatedly in the constructions to follow: right and
standard. A right half-strip is defined by the formula

M={C[{=a,[n[<7/2}, a=>0.
A standard half-strip is defined by
I, =9I, ®=(+(¢2
An important example of a standard domain is given by

ProprosiTION 1.10.1. The exponential of a standard half-strip is a standard
domain.
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PROOF. Indeed,
expll, = expo ®Il = expo ®oln(C" \ K)
= A7'o(CT\ K),

where K is the disk |¢| < expa, and a is the same as in the definition of the right
half-strip IT. Further,

_ oy 1 2 _
[A7N(¢+¢7?) eXP(lnC+1n2<>'(1ln3<>'C !

~ (e <1n1<>) (1 +o(1)

=1+0(1) in (CT,o0).
Consequently, the real conformal mapping
A~ 'e: Ct \ K — expIl,
on (CT,0) has derivative of the form 1+ o(1). The inverse mapping
p: expll, - CT\ K

can be extended to the J-neighborhood of the part of exp I, outside some compact
set and also has derivative of the form 1+ o(1). Further, there exists a conformal
mapping g: Ct\ K — CT with correction tending to zero as ¢ — oo (it is given by
the Zhukovskii function if K is the unit disk). Therefore, the mapping g0 is real,
can be extended to the d-neighborhood of the part of exp I, outside some compact
set, and has derivative of the form 1 + o(1), that is, it satisfies the requirements
imposed in the definition of a standard domain. O

DEFINITION 1.10.2. A class € of standard domains is said to be proper if:

1°. For any C' > 0 an arbitrary domain of class {2 contains a domain of the
same class whose distance from the boundary of the first is not less than C.

2°. The intersection of any two domains of class €2 contains a domain of the
same class.

Usually, but not always, the classes €2 of standard domains considered are
proper.

B. Admissible germs.

DEFINITION 1.10.3. Let € be some set of standard domains. The germ of the
diffeomorphism og: (R*,00) — (RT,00) is said to be admissible of class €2, or
Q-admissible, if:

1°. the inverse germ p admits a biholomorphic extension to some standard
domain, and for each standard domain 2 € € there exists a standard domain
Q € Q such that p maps Q biholomorphically into €2, and, moreover,

2°. the derivative p’ is bounded in €,

3°. there exists a p > 0 such that Rep < p& in Q,

4°. for each v > 0,

expRep = v€ in Q.

The extension of the germ og to the domain p2 is denoted by o and also called
an Q-admissible germ. To speak of an admissible and not an Q-admissible germ
means by definition that €2 is understood to be the class of all standard domains.
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DEFINITION 1.10.4. The germ of a diffeomorphism og: (RT,00) — (R, c0)
is said to be nonessential of class € if it admits a biholomorphic extension to a
standard half-strip II, for some a and there exists a standard domain of class €
that belongs to oIl,.

EXAMPLES. 1. The germ o = exp o u with g > 1 is nonessential. Indeed, the
image contains the part of the right half-plane C* outside some compact set.

2. The germ o = exp is nonessential by Proposition 1.

3. The germ ¢ = exp is not admissible: requirement 4° of Definition 2 fails.

4. The germs of 0 = expopu with 0 < u < 1, of 0 = ¢(* with u > 1, and of
o € Aff are admissible.

REMARK. A standard half-strip has two opposing properties: it is not too
broad and not too narrow. On the one hand, it is so narrow that the main function
of each map-cochain of class NC extends to a standard half-strip for sufficiently
large a dependent on the cochain; as a rule, it is impossible to implement such
an extension to a right half-strip II. On the other hand, it is so broad that the
exponential of a standard half-strip is a standard domain. From this point of view,
the strip II is not enough narrow, and the strip (1 — &)II is no broad enough for
any € € (0,1).

§ 1.11. Regular cochains

Two map-cochains or two functional cochains are said to be equivalent if there
exists a standard domain in which they are defined and coincide. An equivalence
class of map-cochains is called the germ of a map-cochains or a functional cochain.
The representatives of a germ are considered in standard domains, by definition.

A. Regular partitions. Let us first define regular partitions of standard do-
mains. Chose and fix some class 2 in a set of all standard domains.

DEFINITION 1.11.1. Suppose that a partition Z is given in a standard domain
Q € Q. The image of the partition = under the action of an admissible germ of
a diffeomorpism o of class € is the partition ¢,= of a standard domain Q € Q
in which a representative, carrying Q into 2, of the germ p = o~ ! is defined and
biholomorphic. The domains of the partition o,Z are defined by the equalities

(U*E)j =o(E; N PQ)>

where the =; are the domains of the partition =. The domain (0,Z) ; are the
domains of the partition Z. The domain (0.=) ;» by definition, corresponds to the

domain Z;.

EXAMPLE 1.11.1. Pictured in Figure 2 are the images of the standard partition
under the action of the diffeomorpisms expou, p € (0,1); ¢#, u>1; pu¢, p>0. In
the first case the domains of the image partition are ordinary sectors, in the second
they are “parabolic sectors”, and in the third they are horizontal half-strips.

DEFINITION 1.11.2. The standard partition =gt is the partition of a domain in
C by the rays n = nj, j € Z. The strip n € [7(j — 1), 7j] is denoted by II;.

Consider an arbitrary domain Q and a partition ¥ of . A boundary curve
of a domain of this partition is called ezterior if it belongs to OS2, and interior
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FIGURE 2

elsewhere. The union of all interior boundary curves of ¥ is called the boundary of
Y and denoted 0X.

DEFINITION 1.11.3. Consider a tuple
(11.1) o=(01,...,0n)

of admissible germs. An R-regular partition of a standard domain € is defined as
a product

(1]

(11.2)

N
= H 0>t -

1
This partition is called a partition of type o or or and of numerical type N.

The subscript R in the notation or recalls that the corresponding domain €2 is
symmetric with respect to (R, 00).

Together with e-neighborhoods of the domains of partition (11.2) it is conve-
nient to consider their generalized e-neighborhoods defined as follows

DEFINITION 1.11.4. Let (11.2) be an R-regular partition of type (11.1) of a
standard domain §2. Let € be another standard domain such that for any o; €
o, pj = aj_l, we have: p;€) C (). Let E; be the domains of the standard partition
Egt of Q, and let

U=0Q ﬂ{v O’j(Elj)

be a domain of the partition (11.2) of . Here I; are so chosen that U # ().

f12
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Let A® be an e-neighborhood of A in C. Then the generalized e-neighborhood
U of U is defined as
U© =07y o;(E).

def :boune DEFINITION 1.11.5. For any boundary curve of the partition (11.2) which is a
common boundary of two domains of the partition, the generalized e-neighborhood
is an intersection of the generalized e-neighborhoods of the two domains of the

partition mentioned above. The union of all these neighborhoods is denoted by
0=,

def:rig DEFINITION 1.11.6. Any regular partition of type o generates a set of func-
tional cochains defined in generalized e-neighborhoods of the boundary of the par-
tition, called “rigging cochains” and defined as follows. The function of the cochain
given in a neighborhood of the boundary curve £ is denoted by mey ¢ and is
equal to

eqn:rig| (11.3) Mo Cre.f = Zexp(—Cexp Re pj), p; = aj*l.

The summation is over all j such that £ is an interior boundary curve of the
partition oj.=gt. A partition considered together with the set of rigging cochains
is said to be rigged.

rem:rpl REMARK 1.11.1. The ray (R*,00) is a boundary line of a partition o;.Zqt
for all j. Hence, a rigging cochain on this ray equals to the sum (11.3) over all
j=1,...,N.

sub:reg
B. Regular cochains. As always, £ = Re(, ( € CT.

def:reg DEFINITION 1.11.7. An e-extendable germ of an R-regular cochain of class €2
is a germ with a representative (called an R-regular functional cochain, and also a
cochain of class or defined in an e-neighborhood of a standard domain of class €2
depending on the germ such that:

1%, The corresponding partition is an R-regular partition of type or, where
o = (01,...,0n), the germs o; are admissible germs of class €2, and the partition
is rigged;

20, For small ¢, the functions forming the cochain extend holomorphically to
generalized e-neighborhoods of the domains of the partition that correspond to
them;

3Y. The modulus of the cochain can be estimated from above by the function
exp v¢ for some v € R depending on the cochain, with the cochain called a rapidly
decreasing cochain if v can be taken < 0 in this estimate, and a weakly decreasing
cochain if the modulus of the cochain can be estimated from above by the function
C|¢|? for some C > 0;

49, The functions forming the coboundary of the cochain admit analytic ex-
tension to the generalized e-neighborhoods of the boundary lines of the partition
and can be estimated in modulus there from above by the corresponding functions
of the rigging cochain M¢ for some C' > 0 depending on the cochain.

We will call these requirements partition, extendability, growth and coboundary
respectively.

The set of all regular functional cochains is denoted by FCreg, and the rapidly
decreasing regular functional cochains by F C;“eg (FC for functional cochains).
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DEFINITION 1.11.8. An e-extendable germ of a regular map-cochain is a germ
whose correction is the germ of an e-extendable rapidly decreasing regular func-
tional cochain. The germ of a weakly regular e-extendable map-cochain is defined
similarly: in the preceding definition the correction must decrease not rapidly, but
weakly. The sets of all regular and weakly regular map-cochains are denoted by
MCreg and MCywr (MC for map-cochains, and wr for weakly regular).

DEFINITION 1.11.9. Let D be an arbitrary set consisting of germs of admissible
diffeomorphisms. The germ of a functional cochain or map-cochain is regular of
type D if the corresponding partition is of type o = (o1,...,0n), with o; € D.
Notation:

.}—Creg(p), MCreg(D)
The sets of germs of rapidly or weakly decreasing functional cochains of class D
and the set of weakly regular map-cochains of class D are denoted by

FClog(D), FCwr(D), MCyr(D)
respectively.

C. Regular cochains in non-standard domains. Consider any connected
domain ) that belongs to some standard domain §2 of some class €2 and contains
(R*,00). Let Q) be any increasing family of domains:

O c QE) for e < ¢,

DEFINITION 1.11.10. A partition (11.2) of domain Q) of the type (11.1) is the
intersection of the partition (11.2) of Q with Q). More precisely, any domain W of
this partition is an intersection of some domain U of partition (11.2) with . A
generalized e-neighborhood of W is the intersection

WE — 0© Ay

Generalized € neighborhoods of the boundary curves of the partition are defined
in the same way as above. A rigging cochain for the partition (11.2) of € is now
defined by the formula (11.3) with the same summation rule accepted.

After that, the set of regular cochains of type (11.1) is well defined in any
domain  described above; only the extendability property should be modified.

Let the domain O and the family ) be the same as at the beginning of the
subsection.

DEFINITION 1.11.11. Let €2, Q,Q and Q) be the same as above. An e-
extendable germ of regular functional cochain corresponding to the family Qe
is a cochain with the following properties:

19, Partition The corresponding partition has the form (11.2), where o =
(01,...,0N), the germs o, are admissible germs of class ©, and the partition is
rigged;

20, Extendebility For small ¢, the functions forming the cochain extend
holomorphically to generalized e-neighborhoods of the domains of the partition
that correspond to them; the generalized e-neighborhoods are understood in sense
of Definition 1.11.10

3. Growth The modulus of the cochain can be estimated from above by the
function exp ¢ for some v € R depending on the cochain, with the cochain called
a rapidly decreasing cochain if v can be taken < 0 in this estimate, and a weakly
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decreasing cochain if the modulus of the cochain can be estimated from above by
the function C|¢|° for some C > 0;

49, Coboundary The functions forming the coboundary of the cochain ad-
mit analytic extension to the generalized e-neighborhoods of the interior boundary
curves of the partition and can be estimated in modulus there from above by the
corresponding functions, that are the components of the rigging cochain M, for
some C' > 0 and € depending on the cochain.

An important example is given by realizations of R-reqular cochains defined

in the next subsection.
sub:real

D. Realizations. Consider a proper class € of standard domains, see Defini-
tion 1.10.2, and a class D of Q-admissible germs.
We need the following definition.

def:we DEFINITION 1.11.12. Two admissible germs o7 and o4 are weakly equivalent if
their composition quotient o7 * 0oy has a bounded correction on (R*, 00). Notation

w
g1 ~ 02.

Recall that IT; = {£ > a,n € (7(j — 1), 7j)}. Let

(11.4) i = e U,
(11.5) I . =1L UTl,

see Figure 3, and let
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L=, I =, I, H={¢>aly <n/2},
P=(+¢% P_.=(+(1-e)?% a=ale), €[0,1).

Let
(11.6) ne = ums
malin
(11.7) e =l v,
main

where II5 are e-neighborhoods of II;.
Suppose now that the class D has the following properties.

e Ordering. For any two germs 01,002 € D, 07 — 03 does not vanish on
(R*,00). Say that

+

o109 01 —09>0& 01 —09>00n (R7,00).

e Monotonicity.

1°. Suppose that o1 = 02 € D, and the germs o7 and o9 are not
weakly equivalent. Then

(11.8) (Jlnmain ﬂQ7OO) D (UgﬂmainﬂQ,OO).

2°. Suppose that 01,09 € D are weakly equivalent. Then these germs
may be renumbered in such a way that for any € > § > 0

5
(11.9) (oI . N1Q,00) D (0210 . N0, 00).

REMARK 1.11.2. For the special classes of admissible germs defined below in
Subsection F, these properties are included in the induction assumption in n. The
induction step is proceeded in Chapter 5.

DEFINITION 1.11.13. Suppose that the germs g1, g2 either are not weakly equiv-
alent and g; > ga, or they are weakly equivalent and relation (11.9) holds. Then

o1 > 03.

By symmetry, (2.6), (11.9) imply

(11.10) (oIL} o NQ,00) D (0pll} . N0, 00).
é
(11.11) (IS 10, 00) D (0201 N0, 00).

Consider any finite subset o of a class D having the ordering and monotonicity
properties. Let us first order this set by decreasing on (RT, 00):

o= (01,...,0N), 0j > 0jq1.

The weak equivalent germs in this set go by clusters; they are met in a row.

In any such cluster let us reorder the germs according to the relation >. Note
that if o1 and oo are not weakly equivalent then relations o; = o2 and o1 > 09
are equivalent by assumption 1° of the monotonicity property. We achieved the
following ordering of o:

o= (01,...,0n), 0> 0j41;
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if j <k, then for any € > ¢ > 0, (11.9) holds with 6 +1 =0}, 09 = oy

e (6)
(11.12) (o511 iy N €200) D (oIl e NG, 00).
We will now define domains of realizations together with their generalized e-
neighborhoods .
Let
(11.13) o= (01,...,0N), O1 > 02> ...> 0N

be a tuple of germs from D, and fix Q from €. Define the following domains of
type (o,k), (o, k"), (o,k,1) and (o, k, )T for 0 < k< N,0<I< N — k.

(1114) Qa,k = UkHHlaiIl neQ,
+ +
(11.15) Of p=oulll . NQ,
(11.16) ot = Qo VO st U ga = g g N Qo et

Generalized e-neighborhoods of these domains are defined as

© _ @
(11.17) 0, =1 N7,
(11.18) 0 =t nos,
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eqn:omskle | (11.19) QErE,)k,l = Q‘(:,)k N Q;r,(,ill

+(e +(e £
Qo-,(k,)l = Qo-,(k) N Qt(r,)kJrl’

© +e) : :
where II . . IL - are the same as in (11.6), (11.7), see Figure 4.

An important consequence of the ordering (11.13) is: if j < k, then for any

e>d>0:

eqn:monot4| (11.20) (), 00) € (25, 00), (A, 00) € (21, 00).
Moreover, if m > [, then

eqnimonot5| (11.21) () 1y 00) C (25,4, 00).

Note that 5 ; and Qj o as well as Q5 . ; and Q;r . are pairwise symmetric.

def :mod DEFINITION 1.11.14. Partitions of type (o, k), (o, k1), (o, k, 1), (o, k, 1)* for &
from (11.13) are

N
eqn:parsk| (11.22) partition [ [ 0.t of ok
k+1

N
eqn:parskp| (11.23) partition H 0jxZgt Of Q;k
k+1

N
eqn:parskl| (11.24) partition H 0j+«Egt of Qo 11
k+1+1

2
]
el
o
R
%)
~
[
..U I

N
(11.25) partition H 0jxZgt Of Q;k)l.
k41

By monotonicity assumptions (11.20), (11.21), partitions of type (o, k) have the
following key property: they coincide with the partition of type o of the domain
Qg 1. Namely, for any j < k, the only interior boundary line of the partition of type
o that belongs to 0,05t is (R',00). Indeed, even for j = k, the line oy (n = )
belongs to the upper boundary of Qs ;. For j # 0,1, the lines o (n = 7j) do not
intersect Qg .

The rigging cochains m, and me ; corresponding to the partitions of type
o or (o,k) of the domain Q, ) coincide everywhere except for a generalized e-
neighborhood of (R*,c0). But on (RT, o0)

N
Mo = »_ exp(—C exp p;)
1

whilst
N
eqn:msigmak | (11.26) Mg | = Zexp(fc exp pj)-
k+1
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By the ordering property of the germs o; in the tuple o, the rigging cochain
me on (R* 0o) is of the same multiplicative Archimedian class as its first term:

(11.27) exp(—C exp p1) > Me|(®+,00) = €xp(—C" exp p1)

for some D < C. Indeed, let o1 be weakly equivalent to o;. Then O‘floo =id+P, ¢
is bounded on (R, 00). Hence, on (R, 00):
exp(—Cexp py 0 p; ! (€)) = exp(—Clexpoy ' 0 0;(€)) = exp(—Cexp(¢ + ®(£))) >
exp(—(Cexp(—D)) exp§),
and
exp(—Cexp p1) > exp(—D exp p;).
If 01 is not weakly equivalent to o; and o1 >~ 0;, then the same calculation implies

exp(—Cexp p;) = o(1) exp(—Cexp p1).
This implies (11.27).
The same arguments yield:
(11.28) exp(—C exp pry1) = Mok = exp(—D exp pr41)-

Hence, regular cochains corresponding to partitions of type (o, k) in Q, ; have
“smaller coboundaries” and are “more holomorphic” than the restrictions of the
cochains of type o on Qg .

This motivates the following definitions based upon Definition 1.11.10 of Sub-
section C.

DEFINITION 1.11.15. Let o be as in (11.13), 0 < k < N, 0 < I < N —Fk. A
regular cochain of type (o,k) (or (o,k%), (o,k,1)) is a regular cochain defined in
a domain (11.14) (or (11.15), (11.16) respectively) that corresponds to a partition
of type (o,k) (or (o,k"), (o,k,1), (o, k, )", respectively).

DEFINITION 1.11.16. Let F' be a regular functional cochain in a standard do-

main 2,0 < & < N. A regular cochain F{y of type (o, k) is called a k-realization
of F provided that

e It is of type (o, k)
e It coincides with F' in the intersection of its domain with the upper half-
plane; more precisely,
(11.29) F = F(k) in oI N Q.
The cochain F' itself is called its own O-realization and defined Fig) : F' = F{q.

DEFINITION 1.11.17. Let F' and k be the same as in previous definition. A
regular cochain F(J,;) of type (o, k™) is called a kT-realization of F' provided that
e It is of type (o, k™)
e It coincides with F' in the intersection of its domain with the lower half-
plane; more precisely,

(11.30) F=F,

DEFINITION 1.11.18. Let F' be the same as above, and 0 < | < N — k. A
regular cochain Fy;, ;) (or F('}; l)) of type (o, k,1) (or (U,k;,l)+) is called a (k,1) (or
(k,1)")-realization of F provided that

o It is of type (o, k,1) (or (o, k, 1))

) in oI N Q.
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e It coincides with F{y) in the “lower part” (coincides with F{j) in the “uuper
part”) of its domain; more precisely,

(1131) F(k,l) = F(k) in Qo’,k,l N {’I] < O}

or

F+

(k1) = FJ;Z) in QF ;N {n>0}

(
REMARK 1.11.3. (k,1) and (k,1)*-realizations may be defined for cochains of
numerical type N > 1 only.

Let us write explicitly what follows from Definitions 1.11.15 - 1.11.18. The
k,kT and (k,l) realizations of a cochain of type o defined in a standard domain
Q, are defined in the domains Qg’k),Qj’k,QU)k,l respectively, see(11.14), (11.15),
(11.16), (11.25).

DEFINITION 1.11.19. An R-regular cochain of type (11.13) is

o weakly realizable if it has all k-realizations for 0 < k < N;

e almost realizable if it has all k and k™-realizations for 0 < k < N;

e absolutely realizable if it has numeric type N > 1 and has all k, k™, (k,1)
and (k, l)Jr realizations; or has numeric type 1 and is almost realizable; or
is a holomorphic function.

Let € be a proper class of standard domains, and D be any class of 2-admissible
germs with the ordering and monotonicity property from the beginning of this
subsection.

DEFINITION 1.11.20. Class FC reg (D) is a class of all absolutely realizable
regular cochains of type (11.13) with o; € D.

ExaAMPLE. Normalizing cochains are absolutely realizable.

Indeed, they are cochains of numerical type 1. Hence, for them absolute realiz-
ability means almost realizability. The latter requires the existence of two realiza-
tions: F(1) of type 1 and F| (';) of type 17. These realizations exist by the Supplement
to the Sectorial Normalization Theorem, and are holomorphic functions:

— u + _ ol
Fay=F", F} =F"

This example is in a sense the main one.

E. Substitutions, symmetries and realizations. We begin with a defini-
tion of a composition F' o p, where F' is a functional cochain , and p is a germ of a
biholomorphic map at infinity that satisfies some requirements stated below.

Assumption A. Fix a class € of standard domains. Let {2 be a connected
domain that contains (RT, 00) and belongs to some © € 2. Let p be a conformal
mapping of some standard domain Q) C Qinto Q, and o0 = p~!. Let F be a cochain
of type (11.1). Suppose that all the germs o o g; are Q-admissible.

DEFINITION 1.11.21. Under the assumption A a composition F o p is a func-
tional cochain defined in Q. If F is a tuple of functions F } defined in the domains
U; of the corresponding partition, then F o p is a tuple of functions f; o p defined
in the domains U. = Qn o;U;, whenever this intersection is nonempty.
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Under the assumptions above, the composition F o p is a regular functional
cochain of type c oo = (0 0 01,...,000n). If F is weakly (almost, absolutely)
realizable, then F o p is weakly (almost, absolutely) realizable too.

This is proved in Chapter 2.

Assumption A*. Let us now switch to a more general situation. Admit assump-

tion A with the following change: suppose that not all the germs cooy,..., 000N
are 2 admissible; on the contrary suppose that for some k € {0,1,..., N} the
germs o o gg41,...,0 o gy are 2-admissible and the germs c o o;...,0 o g, are

nonessential (for k& = 0, this is a void assumption).

DEFINITION 1.11.22. Under the assumption A*, let us define a composition like
F o p above, that will be denoted F, o p for the reason explained right after the
Definition. The definition is split in three cases.

Case 1. Let all the germs o0 ooj, j =1,..., N, be Q-admissible. Then let

F.o0p=Fqop.
Case 2. Let cooy,...,000) be non-essential of class 2, and coog41,...,000N
be Q-admissible. Then
F.op=Fgyop.
This is a cochain of numeric type N — k.
Case 3. Let all the germs o o 0; be non-essential of class 2. Then

Fiop=Fuop.
This is a holomorphic function.

REMARK 1.11.4. The notation F, is chosen to stress that we do not know a
priory, what realization of F' to choose in order to define the substitution of p in F:
the choice of the realization depends on p. In what follows, we omit the subscript .
in the notations. Namely, when we write F{;) o p for the particular realization F(y,
of a cochain F', we make use of Definition 1.11.21. When we write F o p, we mean
F o p in terms of Definition 1.11.22.

REMARK 1.11.5. In Cases 2 and 3, the substitution F} o p is well defined in
some standard domain Q € Q. Indeed, by Definition 1.10.4, there exists a standard
domain € Q such that

ooo(Il) D Q.
Hence,

Q(o-,k) D O'k(H*) D pQ.
Therefore, a substitution F;) o p is well defined in Q by Definition 1.11.21.

REMARK 1.11.6. If the germ o o 07 is §2-non-essential, then a composition
Foy o p (that is well defined in 2) may not satisfy the coboundary requirement in
the Definition 1.11.7. Thus, this will not be a regular cochain any more.

Under assumption A*, the composition Fy o p is a regular cochain of type (o o
Ok+41,---,000n) in Cases 1 or 2 (k=0 in Case 1); it is a holomorphic function
in Case 3, and still a regular cochain in a standard domain of class Q. If F is
absolutely (weakly, almost) realizable, then Fy o p also is.

This is proved in Chapter 2.

Let us now recall the definition of the symmetry operator. It is an operator on

functions as: (Sf)(¢) = f(¢). It also acts on cochains, as defined below.
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DEFINITION 1.11.23. For any cochain of class (11.1), where o; are admissible
germs, let

(11.32) (SF)(¢) = F(Q).

Let us now discuss the relations between the three features named in the title:
substitutions, symmetry and realizability.
Note that if F is almost realizable, than SF also is: the k and k*-realizations
of SF are
(SF )(k) =
If F is absolutely realizable, then SF also is:

(SF)(k,l) = S(F(I,Z)% (SF)&J) = S(Flk))-

S(Ey)i (SF)(y = S(F)-

Consider now a cochain S(Fy o p) for an absolutely realizable cochain F. In
analogue to the above relations,

(SF.0p)qy =S((Fio P)?}))-
But Fi o p is in fact F(y) o p for some k. So,
(SFi0p)qy = (SFx)op), = S(Fupop)

by definition 1.11.18.

In the same way we may prove that F, op is absolutely realizable. But we stress
here that for absolutely realizable cochain F', the cochain SF o p is also absolutely
realizable. This will be used several times when we apply the Phragmen-Lindelof
theorem to cochains of the form SF, o p. This motivates the introduction of (k,1)
and (k,1)" realizations.

F. Standard domains, admissible germs and regular cochains of class
n.

F.1. Admissible germs of class n. In this subsection we define regular cochains
of class n and type 0 and 1. In the next section superexact asymptotic series of
class n and type 0 and 1 (STAR — n) are constructed. Regular cochains of class
n that may be decomposed in STAR — n of types 0 and 1 respectively form the
desired sets FCJ and FCT~!. Thus in this and the next section the model for the
axioms stated above will be completed.

The definitions to follow are rather involved. They are motivated by the axioms
stated above. These motivations will be presented in more details at the end of the
section.

As mentioned in section 1.8, regularity properties imply the Phragmen-Lindel6f
theorem, PL,,, and expandability, together with PL,,, implies the Lower Estimate
Theorem, LET,.

In this section we deal with regularity. We will define two sets of admissible
germs of class n and types 0 and 1: D{ and D’f*l7 and claim that they have the
ordering and monotonicity properties. For any class D with these properties, a
class of regular cochains FCreg(D) was defined in 1.11B. Thus the sets

FClreg = FCreg(Dyy), FClreg = FCreg(Dy ™),

occur. The sets that we plan to construct, FC§ and FCP ™! are subsets of FCireg:
F Cfr_elg respectively.
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DEFINITION 1.11.24. The set of admissible germ of class n and type 0 is defined
as

Dy = {expoA'~"g|g € G;Ll;;; .

ExAMPLE 1.11.2. For n =1,
Dy = {expp¢|0 < pp < 1}.
The set FC(D}) is a set of all reqular sectorial cochains.

The definition of D;’_l is more involved. Denote first by D71 a set

-1 _ 1—mn n—27T n—2
Dy ={A""glg e G§ ., YGTap}-

For any n > 3 consider now a set
£ = {A17glg € GM g = Ad(f)A"%h, h € InoTO, f € G"2, A\, 5(f) = 0}

Note that this formula makes no sense for n < 2. Indeed, let n < 2. Then the set
{f € G" 2, \,_2(f) = 0} is empty. Let for n <3, L1 = id.
We can now define the set D}~ !

Dt =Dy tuD! oL

ExAMPLE 1.11.3. For n =1, Dg_l =0, L' =idand D" ! = Aff. Hence,
regular cochains of the class DY are regular simple cochains , see Part I. Recall that
these cochains correspond to stretched standard partitions.

F.2. Standard domains of class n. Germs from the union D UD? " are called
admissible germs of class n. In order to discuss admissibility of these germs, we
have to define standard domains of class n.

DEFINITION 1.11.25. A standard domain of class m corresponding toe > 0,C >
0 is a domain
(11.33) Qm,s,C = (I)m,s((cg)
where
(11.34) @, : (- C(1+ (™)™, €t =Ct\ Ko, Ko = {|2| < C}.

PROPOSITION 1.11.1. For any m,e there exists C(m,¢€) such that for any C >
C(m,e) the domain Q¢ is standard in sense of Definition 1.10.1, and the map
®,, . in the definition of this domain is conformal in CT\ K¢.

The proof is elementary.

DEFINITION 1.11.26. The set €2, of standard domains of class m is the set of
all domains Q,, . ¢ with C > C(m,¢).

In order to consider classes FCreg for D = Dy or D7~ we need the following
lemma:

LEMMA 1.11.1. 1°. Both classes D§ and D?fl consist of Q, and Q,_1 ad-
missible germs respectively.
20 Each of the classes DY and D?_l has ordering and monotonicity properties

defined in Subsection D.
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For n = 1, this lemma follows from Examples 2 and 3. For 1 < m < n, we
include this lemma into the induction assumption as a property of the germs of the
classes D", D’{”*l. For the classes Dg“, D7 this lemma is proved in Chapter 5.
This induction step (from n to n + 1) completes the proof of the lemma for any n.

Lemma 1.11.1 allows us to define weakly, almost and absolutely realizable
cochains of classes DJ, D71,

DEFINITION 1.11.27. Regular cochains of class n type 0 or 1, are absolutely
realizable cochains of classes FCreg(Dy) and ]—"Creg(D?_l) respectively.

This completes the extandability part of the definition, the expandability part
is given in the next section. Before passing to this part, let us give some motivations
for the definitions given in this subsection.

G. Motivations: regularity.

G.1. Genesis of compositions with germs inverse to admissible ones. As we will
show in this subsection, shift lemmas imply that the sets of functional cochains of
class n should be closed under the composition with certain germs: together with
a germ of a cochain F, the set contains a germ F o p for certain p. Compositions
of this type are defined in subsection E. Note that if F' is of type o, then F o p is
of type ¢ o o, where 0 = p~!.

G.2. Genesis of the standard partition. Normalizing cochains for parabolic germs
of multiplicity 2 are cochains of numeric type 1 and type o = id. These cochains
belong to the set A°. Recall that

Jnfl _ Ad(Gnil)AnilAq

and, by SL,a,
J"t C Gr(id + fCI‘fl oexp™HoGn2).

This motivates a statement (that we will not prove, but use for motivations only):
the set fC_ﬁIl contains cochains of the type o = id. These cochains correspond to
standard partitions.

G.3. Genesis of the sets DJ, Dy~ *. Occurrence of the set DJ is motivated
by SL4,b. Together with Lemma SL4,a, this lemma implies that for any F; €
FCP, g€ G" ! and some Fy € fC?fl, there exists F' € FC§ such that

Froexp™ogo (id+ Fy o exp" ™) = Foexp™ og.

This implies
F=F oexp™ogo(g o™ +F,0p),
where
p=A""goln.
We do not analyze here the whole expression for F, and prove that it belongs

to FCJ'. We only note that this expression contains a term F5 o p, and F» may
be of type ¢d. Then, according to Definition 1.11.21, F5 o p is a cochain of type
1 1+
B W
o above is non-essential, and for g~! € G&;N , 0 is admissible. This gives rise to
the set Df.

In the same way, the set Dg_l arises, for n replaced by n — 1.

o=p ! =expoAl~"g~!. We will prove that for g~! € Gliow Y G;}gﬁ, the germ
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G.4. Genesis of Dzl;g, Occurrence of this set is motivated by SL3,, for m =
n — 1. According to this lemma, for any F; € ]—'Cffl, Fy € fC?fl,f,g €

G"~2, f <= g, there exists F' € FC'' such that
Fio eXP,_1] °g © (id+ Fy 0 exp[n—l] of)=Fo exp[n—l] og.
This implies:
F=Foexp"ogo (g7 oln™ +F,0p),
where
p= Al_nh, h = fog—l c Gn72_

slow *
The cochain F» may be of type id; hence F; o p would be of type o,

_ot _1t+
c=A""p"t hle@y? ceDV !,
slow slow

G.5. Genesis of D?gpl. Occurrence of this set is motivated by SL1,, for m =
n — 1. According to this lemma, for any F} € FC™ !, g € G?gg, f << g, there
exists F € FC'! such that

Fioexp” Uog=Foexp™ 1.
This implies:
F=Fop, p=A'""g.
Hence, F' is of type o,
o=A""g"t gl e G?gg, o€ D{}a}}.

G.6. Genesis of L 1. Occurrence of this set is motivated by SL4,a, and the
motivation is not as transparent as before: in our explanations we will skip many
technical details presented later on in Chapters 2 and 5.

Lemma SL4,a claims:

JtC Gr(id + FP3Y).

To prove this lemma, we will need an analog of Lemma SL4,b for n and FCy
replaced by n — 1 and FC}~'. Namely, for any g € G"~2,

n—1 n—2 __ n—1
Filmg ol =F 4y

This implies that for any Fy € FC7™!, j € J"~2 there exists F € FC}~! such that

[n—1] [n—1]

Fioexp ogoj=Foexp og.

Note that Ad(g)j = j1 € J"2 by definition of J"~2. Hence, we get:

F=Fopp=A""j, jeJ 2

In Chapter 2 we will show that, in order that the set FC} ' be closed under the
compositions F o p with p € A'="J"~2 the set D?~! should be extended by the
right compositions with the elements of the group £*~!.
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G.7. Genesis of standard domains of class n. The necessity to change the class
of standard domains together with n occurs in the proof of the admissibility of the
germs of class D?~ !, and in the proof that the germs of the form exp A'~"g, ¢ €
G?a_pl are non-essential. Let us discuss the first statement only. Let o0 = A' "¢, g €
G"~2. One of the requirements of ,,_;-admissibility of the germ ¢ claims that for
any € € Q,,_1 there exists 2 € €,,_1 such that

pQ C Q, where p=o"1.
For g € Ggfof;’ the germ p = A'="g~! is contracting in a sense that
(P2, 00) C (€2, 00)

for any Q € Q,_1. In this case  may be obtained by deducting a compact set
from Q.

On the contrary, when g € Gra; 2+, the germ p may be expanding in a sense
that

(Q,00) C (pf, 0).

The size of the margin between Q2 and pQ O 2 depends on n. The margin between
Q and Q should be so large as to compensate the previous margin. The margin
between 2 and © should therefore depend on n also. This motivates the necessity
of dependence of the class €,,_1 on n.

To conclude, note that the margin between different domains of class €2,,_1 in
a sense grows with n.

This completes the discussion of the regularity requirements for the cochains
of classes FCJ' ,]—'C{“l. Let us pass to expendability.

§ 1.12. Superexact asymptotic series

The series and cochains mentioned above, have class n > 0, rank » > 0 and
type 0 or 1. They are defined by double induction: the exterior one in n and
the interior one in 7. Notations: STAR—(n —1,7),, FC7~ ', STAR—(n,7),, FC§.
Series and cochains of class 1 are defined in the first part. Below we briefly repeat
the definition. We start with the STAR of type 1.

A. Base of induction. For n = 0, the rank is not considered, and the type
is zero. Superexact series of class 0 and type 0 are the Dulac exponential series.
Functional cochains of class zero type zero are almost regular germs. They are
trivial cochains: the coboundary is zero. The Dulac exponential series have the
form that will be used all over the book:

(12.1) Y= Zaj expe;,

where e; are called exponents, and a; are the coefficients. In order to define the
new class of series we should define the set E of exponents, and the set K of the
coefficients. For the Dulac exponential series E = R, and K is the set of all real
polynomials.

Step of induction in n from 0 to 1 is proceeded in Part 1. The description
of this step may be repeated if we substitute n = 1 into the following text. Here we
briefly recall this description. The series of class 1 type 1, STAR—01, are the Dulac
exponential series again. The cochains of class 1 type 1, FCY, are simple cochains
FCO defined in Part 1. They are decomposed in STAR—0;.
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The series of class 1 type 0 rank 0, STAR—(0,0); are of the form (12.1) with
ej € E' a; € IC?’O, where the sets of exponents E', and the set of coefficients IC?’O
are defined as follows.

The set E! does not depend on the rank. It is a set of all the partial sums of
the exponential Dulac series with non-negative exponents. Namely,

E' = {ele=_ P;(¢) exp p;¢},
where the sum is finite, P; are real polynomials, and u; are positive. The set of
coefficients IC(l)’O of rank 0 is the set FCY of all simple functional cochains. In Part
1 this set was denoted as FC°. This defines the set of all STAR of class 1, type
1 and rank 0. For the higher rank, the definition is given in Part 1, and may be
deduced from the general definition given below.

B. Step of induction from n — 1 to n: definition of STAR—(n —1),,
and cochains of class 7C}'"~!. Now the step of exterior induction in n comes. Fix
n and suppose that the STARs and functional cochains of class m < n are already
defined. This implies, in particular, that the set of exponents E"~! is defined.

We define first the series and cochains of class n and type 1, named in the
heading. The definition goes by induction in 7.

Base of induction in 7 is the definition of the set of coefficients K}~ "" of
STAR—(n —1,r), for r =0.

def:coef0 DEFINITION 1.12.1.

Ky = £(Fep 2 oexp"H oglg € Gn73),

the set FC'~? is defined by the “exterior” induction assumption in n; £(-) is the
linear hull.

Step of induction in r.

DEFINITION 1.12.2. Suppose that the set K™ "" is already defined. Let the
set £ 1" of STAR—(n — 1,7), be the set of all formal series:

Y= Zaj expej, e; € B a; € KpTH

DEeFINITION 1.12.3. A functional cochain F' is said to be expandable in its do-

main Q in a STAR—(n — 1,r), denoted by 3, if there exists for every v > 0 a partial

[n—1]

sum of the series ¥ approximating Foexp with accuracy o(exp(—v Re exp®~1))

in the domain In"~1 Q.

def:classn DEFINITION 1.12.4. A functional cochain F' is of class n — 1, rank r, and type
1, if it has the following properties: regularity and expandability.
Regularity: F is an absolutely realizable regular cochain of class F Creg(D;“l)
in the sense of the definition in Section 1.11.
Ezpandability: the composition Foexp” 1 = ¢ can be expanded in a STAR—(n — 1, T)q-
Moreover, the compositions F o exp® ! = ¢ may be expanded in the same as-
ymptotic series for all the k, k™ and (k, [)-realizations of F. Here F is considered in
an appropriate standard domain of class n — 1, and its realizations are considered
in some generalized neighborhoods of the the corresponding domains, see (11.17),
(11.18), (11.19).
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Notation: recall that the set of all functional cochains of class n — 1, rank r,
and type 1 is denoted by FCJ™ ",
The following definition completes the induction step:

K = Lk, FCp T o explHoglg € G R,

Namely, we define the set of series 5{17““ by the use of Definition 1.12.2, replacing
r by r+ 1.
The set of all STAR—(n — 1), is denoted by &' and defined as

n—1 n—1,r
81 = Urzogl .

The set of all functional cochains of class n — 1 and type 1 is denoted by fC{“l
and defined as

FCI™h = U FCy T

Summarizing, we give the following

DEFINITION 1.12.5. Functional cochains of class n type 1 are absolutely realiz-
able functional cochains of type D}~! that may be decomposed to STAR—(n — 1),
in the generalized e-neighborhoods of their domains, together with all their realiza-
tions.

This completes the definition of superexact asymptotic series and functional
cochains of class n type 1: fo_l. Let us pass to type O.

C. Definition of STAR—(n),, and cochains of class FCj. We can now
define the set of series and cochains of level n and type 0: STAR—ny, FC§. For
this we first define the set E™ of exponents of STAR—ny.

DEFINITION 1.12.6. The set E™ of exponents of STAR—ny is the set of partial
sums of STAR—(n — 1), with the following properties:
19, The sum e € E" is weakly real and has the form:
N
e= Zaj expe;, €; € EnL
1

and

&) — i €j .
Vnil(e]) T (Rl-}—rgo) exp[nfl] > 0;

20, The real limit

v(e)

exists; it is called the principal exponent of the term with exponent e;
30, There exists a u > 0 and a standard domain of class n in which

= lim ——
(R+,00) exp["]

| Re eolnl™ | < t, Jeolnl | < pic];
49,
Ime— 0on (RT,00).

Requirement 4° follows from 1Y by the criterion of being weakly real; it is
included for the future references.
The mapping v :— R, e — v(e), is called the principal exponents mapping.
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Let us now pass to the definition of STARs and cochains of class n, type 0.
They have rank r > 0 and are defined in the same way as those of class n — 1, type
1; the only difference is that standard domains of class n — 1 are replaced by those
of class n. The definition goes by induction in r.

Base of induction: » = 0. Let

Ki0 = Fer—t o explt = oG 2,

After that the induction goes exactly as in the previous case, and results in the
definition of the sets £ and FC¢ of series and cochains of class n and type 0.
Summarizing, we give the following

DEFINITION 1.12.7. Functional cochains of class n type 0 are absolutely real-
izable functional cochains of type Dg defined in some standard domain of class n
that may be decomposed to STAR—ng in the generalized e-neighborhoods of their
domains, together with all their realizations.
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CHAPTER 2

Function-Theoretic Properties
of Regular Functional Cochains

Here we prove the “function-theoretic” part of the lemmas in §1.10. The corre-
sponding formulations are obtained if cochains of class FC™ are replaced everywhere
in these lemmas by cochains of class FCres(D™), keeping thereby the regularity re-
quirement and waiving the decomposability requirement. The lemmas obtained are
denoted by SLI-4,, ;cq; they are stated in Section 2.6.

The chapter splits in two parts. In the first one we present the general theory
of regular functional cochains. This part requires very few information on the
admissible germs with the help of which the cochains are defined. In other words,
we study cochains of type FCreg(D) with minimal requirements on the set D.

In the second part we study the cochains of types FCreg (D) and FCreg(D} ™).
Their main property is that they satisfy the shift lemmas SL1 — 4n, reg, stated in
Section 2.6. In Subsection G of Section 1.11, we have shown that the cochains that
satisfy these lemmas should be of classes (denote them by S§,S7 ' for a while)
that contain the classes defined in Subsection 1.11. F:

Sy oDy, Syt o Dt
The rest of the chapter, except for the last section, is devoted to the proofs of

Shift Lemmas 1,, — 4, reg. In particular we show that the classes defined in F are
sufficient; one may take:

Sy =Dy, Sy~ =Dyt
In the last section we prove that partial sums of STAR — ng and STAR —

(n — 1), may be expressed through regular cochains of classes D, D~ " respec-
tively.

§ 2.1. Differential algebras of cochains
Recall the following

DEFINITION 2.1.1. A class © of standard domains is said to be proper if:

(1°) for any C > 0 an arbitrary domain of class € contains a domain of the
same class whose distance from the boundary of the first is not less than
C;

(2°) the intersection of any two domains of class € contains a domain of the
same class.

In the first part of this chapter: Sections 2.1 -2.5 we consider a fixed proper
class @ of standard domains. We also consider a fixed set D of Q-admissible
germs. We require that D satisfy the ordering and monotonicity properties from F
below. As soon as these two sets are fixed, a class FCreg(D) of germs of absolutely
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(respectively, weakly or almost) realizable functional cochains occurs according to
the definitions in Section 1.11. Let us study the properties of the class of cochains

FCreg(D).

A. Cochains in standard domains.

sub:difst

lem:difalg3 LEMMA 2.1.1. Let § be a proper class of standard domain such that || < &3 in
any domain of this class. Let D be any set of Q-admissible germs, and FCreg(D)
be the corresponding set of germs of reqular functional cochains of class D. Then

this set forms a differential algebra.
sub: sump

A.1. Sums and products.

PROOF. Recall that arithmetic operations on cochains are defined at the end
of (1.1). Namely, let F; and F» be two cochains of type 01,09 respectively; let
o=01Uo03:

eqn:ssigmanf | (1.1) o=(01,...,0K), 0; > 0j11;

o1 and o, are ordered subsets of o.

Let two cochains Fj, | = 1,2 be defined in a domain €; € €, and let 2 € Q
belong to the intersection 23 N 5. Such a domain 2 exists because the class €2 is
proper.

By definition of the sum, F + F5 is a cochain of type o that corresponds to
the product = of the partitions

E= ] ojeEst. 1=1.2,
;€0
of the domain §2. This product is the partition
eqn:ppxi| (1.2) == H OjxZgt -

oj€0

Any domain U of this partition is an intersection of two domains U; of the par-
titions =;, [ = 1, 2, intersected with 2. A function Fy of the tuple F' corresponding
to this domain is

Fy :F'U1 "f'F1U2 inU=U,NnUNAN.

Let us check the assumptions from B of Chapter 1. QQQ

Partition: guarantied by (1.2).

Extendability:  the functions Fy, are extendable to the generalized e-
neighborhoods Ul(g) of the domains U;. The intersections of these neighborhoods
form a generalized e-neighborhoods U(®) of U by definition 1.11.4. Hence, Fiy may
be extended to U®) as required.

Growth: exponential growth of the terms implies exponential growth of the
sum.

Coboundary: the rigging cochain for the product of two regular partitions is, by
Definition 1.11.6, the sum of corresponding rigging cochains. The magnitude of the
coboundary of the sum is estimated by the sum of magnitudes of the coboundaries
for the terms. This verifies the coboundary condition.

This proves that the set FCreg(D) is closed in © with respect to addition and
deduction. Let us prove that it is closed with respect to multiplication.

The cochain F' = F - F5 is a tuple of holomorphic functions that correspond
to the domains of the partition (1.2). In the above notations

Iy = Fy, - Fy,.
This allows us to prove the Partition and Ezpendability properties for products
as well as for sums.

The Growth property follows from the remark that the product of two expo-
nentials is an exponential again.
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§ 2.1. DIFFERENTIAL ALGEBRAS OF cochains

The Coboundary property requires a minor calculation based on the fact that
“a rigging cochain beats an exponential”. Namely, we estimate the coboundary of
the product:

6(FLFy)| < |Fu||0F| + | Fy||0Fy| < (expvé)(m! +m?).

Here m! and m? are rigging cochains of the partitions Z; and =5 that majorize the
coboundaries §Fy and §F.

But the product of a rigging cochain of a regular partition by an exponential
is majorized by some other rigging cochain corresponding to the same partition.
Indeed, by requirement 4° in the definition of admissible germs (see Definition
1.10.3), for an arbitrary admissible germ there exists a standard domain Q € Q
(this domain is also of class n for germs of class n) such that for arbitrary v > 0,

Reexpp > v€ in Q.

(~zee)
exp | —5 expp

This ends the proof of Lemma 1 for sums, differences, and products.

A.2. Derivatives. The proof that derivatives are regular is based on the Cauchy
estimate and uses Proposition 2.1.1 below.

Let us prove that a derivative of a regular functional cochain of class FCreg(D)
in a standard domain Q € €2 is again a regular functional cochain of class FCreg(D).

Properties partition and extendability are immediate. Let us prove the growth
property. Let F' € FCreg(D), F is defined in 2 € Q. Then

Consequently,

|exp(—Cexpp+ v)| < in €.

|F'(¢)] < expr€ in Q°

for some v > 0 by the extendability and growth requirement for F'. We will use the
Cauchy inequality, and the extendability property of the cochain.

DEFINITION 2.1.2. The margin between the domains imbedded one in the other
is a function in the smaller domain equal to the distance from the point of this
domain to the boundary of the larger domain.

PROPOSITION 2.1.1. Consider an arbitrary domain Q and a partition (1.2) of
Q. Then for any € > § > 0, the margin between generalized € and & neighborhoods
of ant domain of the partition is bounded from below by a value (¢ — §)C for some
C > 0 depending on the partition only.

This proposition is proved in Section D below.

Now, let the components of F be estimated as above in generalized e-
neighborhoods of their domains. Then, for § < ¢, their derivatives are estimated in
the generalized e-neighborhoods of their domains in the following way:

|F'(¢)] < Cetexpré < expr/€

in Q for any v/ > v. This implies the growth property.

Let us now prove the coboundary property for F”.

By Proposition 2.1.1, the margins between the generalized € and § neighbor-
hoods of a partition (1.2) are bounded from below. Our arguments are the same
as above, but presented much shorter. By the Cauchy inequality, the coboundary
of F’ is bounded from above by a rigging cochain of the partition (1.2) that ma-
jorizes the coboundary of F' multiplied by a constant. This is a rigging cochain of
the partition (1.2) again.

This proves Lemma 2.1.1. (I
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B. Differential algebras in non-standard domains. Let ). be a family of
connected domains in C* that contain (R*,00). Let this family have the following
two properties:

Monotonicity:

Q. D Qs for 6 < ¢;

Margin:
For any é < ¢, consider a function M; . on the boundary 9€),:

Msc(¢) = dist (¢, 99%).
Suppose that there exists C' > 0 such that
(1.3) M;s(¢) > CE™®, €= Re (, ¢ € 09s.
This inequality is called the margin condition.

REMARK 2.1.1. Below we prove that the generalized neighborhoods of domains
of realizations of regular cochains (11.17), (11.18), (11.19) have this property, see
Proposition 2.1.2.

Let Q = Q. Fix any set D of admissible germs. Definitions of C, B of Chapter
1 provide a set of regular cochains of class D in Q, FCreg(D, Q), provided that e-
extendability requires, in particular, holomorphic extendability of cochains of this
class to ..

LEMMA 2.1.2. The set of cochains ]-'Creg(D,Q) defined above, forms a differ-
ential algebra.

ProOOF. The statement about sums and products is proved exactly as in the
previous lemma. The differentiability follows from the Cauchy inequality, and the
margin assumption (1.3). O

C. Realizations. We now strengthen Lemma 2.1.1.

LEMMA 2.1.3. For Q and D as in Lemma 2.1.1, absolutely realizable cochains
of class FCreg(D) and ]-"C;feg(D) form a differential algebra.

C.1. Derivatives in the domains of realizations.

PROOF. Sums and products in nonstandard domains are considered exactly as
in standard domains.

Consider the derivatives of realizations. Take an absolutely realizable cochain
F € FCreg(D) and let G be any of its realizations (k, k™ or (k,1)). We claim that
G’ is the corresponding realization of F’. The two properties to be justified are the
Growth and the Coboundary conditions. As shown in the proof of Lemma 2.1.2,
it follows from the margin condition (1.3) for the domains where the cochains are
defined. Hence, Lemma 2.1.3 for derivatives follows from the Proposition:

PROPOSITION 2.1.2. Suppose that o is an admissible germ. Then for some
compact set K and any small 0 < § < €, the margin between U(Hgf) \ K©) and
U(Hgf) \ K@) is no less than C(e — 8)|¢|~5.

Proposition 2.1.2 implies Lemma 2.1.3 for derivatives.

This implies that the germs of regular cochains defined in the domains CCC
where the realizations are defined, and corresponding to the partitions CCC, form
a differential algebra.
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C.2. Sums and products revisited. Realizations of sums and products are sums
and products of “corresponding realizations”, to be specified. Sums and products
of realizations are regular cochains again by Lemma 2.1.2. The body of the proof
of Lemma 2.1.3 for sums and products is the choice of proper realizations of the
entries in order to produce the required realization of the outcome.

Consider an ordered finite set A and its subset B:

A:{al,...,aK}, BZ{bl,...,bN}.

When these sets will consist of admissible germs, the order relation will be >. So,
in the general context, we use the same relation. Let us define a map i(A4, B):

i(A,B)=1i:{1,...,K} - {0,1,...N}:

0 for ay > by
i(k)=qje{l,...,N—1} for b; > ay > bj1
N for by > ay.

Let now

(o] :{Ula"'aUN}7 02:{&17"'7&M}5 0O =0 UUQZ(&la"'ao-K)

Denote by i, 7 the maps

i=i(o,01):{1,..., K} = {0,1,...,N}; j =i(o,090) : {1,..., K} = {0,1,..., M}.

Set
We can now define the realizations for the sum (for the difference and product

they are defined in a similar way, only summation is replaced by deduction or
multiplication). We have:

(F1 + F2) ) = Fagi, ) + Fagicry)

(F1 + F2) o0y = Fagicn),se) + F2(ite) ek,0))-

These cochains satisfy all the requirement of Definitions 1.11.16, 1.11.17, 1.11.18.
Checking of these requirement are routine, similar to what was done in this context
in part 1, and we skip it.

Definitions of k* and (k,l)"-realizations are obtained from those for k and
(k,1)-realizations by the symmetry with respect to the real axis. So we discuss
the existence of k and (k,l)-realizations only. The existence of k™ and (k,I1)"-
realizations follows authomatically. ([

D. Margins. Here Propositions 2.1.1 and 2.1.2 are proved.

PrROOF OF PROPOSITION 2.1.1. We begin with a remark. Let o be a bi-
holomorphic mapping of a planar domain, and assume that the inverse mapping
has bounded derivative: 0=1 = p, |p/| < C. Then o decreases the distance between
points no more than by a factor of C'. Indeed, if (; and (3 are arbitrary points in the
domain of o and w; = o(;), for j = 1,2, then (; = p(w;) and |1 — (2| < Clwi —wa.
Therefore,

0(C1) = 0(C2)| = w1 — wa| > |G1 — G2 /C.
This immediately implies the first assertion of the proposition, since the derivative
of the germ inverse to an admissible germ is bounded according to Definition 2 in
§1.5. CCC O

PrOOF OF PROPOSITION 2.1.2. It follows from the definition of the gen-
eralized e-neighborhood of the half-strip . (Definition 6 in §1.6) that there
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exists a constant C; > 0 such that dist((,@H(E) ) > Ci(e = 9)|¢| ™3 for z € )

main main*

Consequently, by the remark at the beginning of the proof,
dist((¢), ol1i3);,) = Cule = 8)/|p(C)[* sup o]

main
But since the derivative |p’| is bounded, the function |p(¢)| increases no more

rapidly than |(]; consequently, there exists a constant Co > 0 such that |p(¢)] <
C5|¢|. This implies the proposition, and with it Lemma 2.1.3.00

§ 2.2. Completeness

We fix a standard domain € or a nonstandard domain €2, that belongs to
and contains (R*, 00). Let Q. be an increasing family of domains that satisfies the
margin condition (1.3).

Consider a space F of regular cochains of one and the same type o, see (9.2),
in Q or Q that are e-extendable with the same e and are extimated from above by
the exponential a - exp € with a common exponent v and coefficient a depending
on the cochain.

Moreover, the coboundaries of the cochains F' € F can be estimated from above
in modulus by one and the same rigging cochain m for the partition =, multiplied
by a constant depending on the cochain, |§F| < Cpm.

Let 0Z(¢) be the domain of the rigging cochain m. We introduce in the space
F the norm

(2.1) £l = sup |F exp(—vE)| + sup |OF /ml|.
oE(

LEMMA 2.2.1. The space F is complete in the norm introduced.

PROOF. This is an immediate consequence of the Weierstrass theorem on com-
pleteness of the space of holomorphic functions with the C-norm. O

Let us now state and prove the completeness of the space of absolutely realizable
regular functional cochains.

The formula (2.1) defines the norm of a cochain F in a standard domain, as
well as the norms of all its realizations. The exponent exp v is the same for all
the realizations. On the contrary, the rigging cochains in the deminator depend on
realization as explained in Section 11.D of Chapter 1. Denote by F the set of all
realizations G of F:

F= {F(k)i F?i()’ F(k,1)7 F?i()]) }
Now let

(2.2) EN],. = [IF]l + Zeer||Gl]-

LEMMA 2.2.2. The space of absolutely realizable regular cochains with the
norm (2.2) is complete.

PROOF. The proof is the same as for Lemma 2.2.1. ([l

In the corollaries below, if the cochains in the right hand side are absolutely
realizable, then so are the cochains in the left hand side .

COROLLARY 2.2.1. Let ¢ : (C,0) — (C,0) be a holomorphic function. Then
@ o FCL,(D) C FCL (D).

PROOF. Let F € FCL, (D). Then po F =3 @ (0)F7/jl. By Lemma 1, the
partial sums of this series are cochains in FCeq(D). Since the Taylor series for
¢ converges, and F' is bounded ( and even decreasing), the partial sums form a

Cauchy sequence in F. (]
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COROLLARY 2.2.2.
exp FCL, (D) C 1+ FCL, (D).

reg

ProOOF. The function ¢ : ( — exp( — 1 satisfies the condition of Corollary 1.

O
COROLLARY 2.2.3.
In(1 + ]-"C;gg(D)) C }"C;;g(D),
1/(1+ fC;gg(D)) cl+ J-‘Cjcg(D).
PROOF. The proof is analogous to the preceding proof. O

§ 2.3. Group property of map cochains id + FC,,

LEMMA 2.3.1. The set of germs at infinity of the map cochains id+FC,y forms
a group with the operation composition.

To prove the lemma, we have to prove that the set id + f[un: is closed under
multiplication and inversion (multiplication and inversion properties respectively).
Let us prove the second one.

A. Inversion property of the set id+ FC,,. A map cochain id+ F € id+
}'ﬁJr is a collection of functions id + f; defined in the generalized e-neighborhoods
of the corresponding domains U;. The map-cochain (id + F )" is a collection of
functions (id 4+ fj)_1 defined in generalized §-neighborhoods of the same domains
Uj. Let us check that the standard domain 2 of the cochain £’ may be so chosen
that the cochain (id + F)_l — id satisfies all the requirements of the definition of
weakly decreasing regular cochains .

0°. Domain. Let us chose the domain Q of F in such a way that

e components of F' are extendable to the generalized e-neighborhoods of the

corresponding domains,
the margins between the generalized § and e-neighborhoods of these do-
mains are greater than § < e,
|[F({)| < exp(—v€) in QF for some v > 0,

o |F| < % in QF,

e £ > (Cin QFf, C is to be chosen later.
39, Growth. It is convenient at this spot to justify the growth requirement for

F=(id+F)""—id

The correction F of the map-cochain (id + F )_1 satisfies the following equation:
F=Fo(id—F).
This implies the following apriori estimate for F':
0
2
in Q2. We now obtain a sharper estimate for F. We have:
|[F(¢ = F(C))] < exp(—v€ +v6/2) < exp(~vE/2)

if ¢ > C in O° for C large enough. This justifies the growth condition for F.
19, Partition for F is the same as for F.

20, Extendability. The cochain F is s-extendable because

[F(Q)] < exp(-v€/2),
if ( > C in Q° for C' large enough so that
exp(—v€/2) < 6.CCC

|F| <
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49, Coboundary. Finally, we get an upper estimate of the coboundary of the
cochain F. In place of the difference coboundary of F we consider the correc-
tion of the composition coboundary of the cochain id + F. The correction of the
composition coboundary of this map-cochain and its difference coboundary vanish
simultaneously and differ by a factor 1 + o(1). The composition coboundaries of
mutually inverse map-cochains are mutually inverse. Consequently, the correction
—G@ of the composition coboundary of id — F satisfies the equation

G =6,Fo(id-G),

where id 4§, F' is the composition coboundary of the cochain id + F. The subscript
o indicates composition. Therefore, F' can be estimated from above by rigging
functions differing from the rigging functions estimating § F' from above only by a
shift of the argument:

exp(—cexpRe p;(&; + ¢)), le| < e.

These functions are majorized by rigging functions of the same class, but corre-
sponding to another value of ¢, since the derivatives p;-. are bounded. This finishes
the verification of all the requirements of Definition 10 in §1.6 CCC and proves the
inversion property of R-regular cochains of class €2. In order to prove it for the
absolutely realizable cochains of this class, we have to prove the inversion prop-
erty for the realizations. This is done in the same way as above, only the margin
requirement in the choice of 2 should be replaced by: the margins between the
generalized 5 and e-neighborhoods of these domains is greater than 6|¢ |73, and the
estimate

exp(—v€/2) < 8|¢|7°
should be used.
Similar arguments work for realizations. CCC

B. Composition property of the set id + FCy, (D). The property in the
title follows from the lemma:

LEMMA 2.3.2. Suppose that € is a proper class of standard domains, and D
is the set of admissible germs of class Q. Let Fy and Fy be the germs of regular
functional cochains, the second weakly decreasing:

Fy € FCrey(D), Fy € FCL (D).
Then

F =Fyo(id+ F3) € FCres(D).
If in addition Fy is a weakly or rapidly decreasing cochain, then F is a weakly or
rapidly decreasing cochain, respectively.

Proor. 0°. Domain. Let F; be 2c-extendable in a standard domain § € €.

Let the margin between a generalized ¢ and d-neighborhoods of the domains
of the partition of F; in Q; be greater than C(e — 4). Such C exists by Proposi-
tion 2.1.1. Let |F3| < Ce in a domain
Om§, Qo € Q. Let us choose a domain Q C Q3 N Qy, Q € Q. This is possible
because the class € is proper. The domain € is the desired one.

19,29, Partition and extendability. Let F; and F5 be two cochains of type
01,02 respectively; let o = o1 U o9,

o=(01,...,0k), 0; > 0j41.

Any domain U of the partition of type o is an intersection of two domains U; and
U, of partitions of types o1 and o5 respectively. Let f; and fo be two functions of
the cochains F} and F5 corresponding to domains U; and Us. Then a function

f=fio(id+ f2)
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corresponds to the domain U and may be extended to its generalized e-
neighborhood .

Indeed, the margin between Ul(g) and U?¢ is greater than Ce, and U =
Ul(a) N U2(8) C Ul(a). Hence, the composition

f=fio(id+ f2)

is well defined and holomorphic in U(®). Hence, the cochain F corresponds to the
partition & = o1 U 3, and is e-extendable.

3%, Growth We estimate the modulus of the germ F. By a condition of the
lemma, |Fi| < Ciexpvé in the domain Qf, and |Fp| < § = Ce QQQ in Q5,
Consequently, in Qf

|F| < C'expvé, C'=Ciexpvd.
If Fy is a weakly or rapidly decreasing cochain, then in 25 we have the respective
inequalities
|| < Cif¢]™°
or |Fi| < Cyexp(—v€), v > 0. Then, respectively,

[ < C'I¢I77, €' = Csup(I¢] = 6)°IC] 7,
92

or
|F| < C"exp(—v€), C' = Ciexprd.

This concludes the estimate of the modulus of F.

49, Coboundary The coboundary is estimated just as in Lemma 2.5.1 below;
the argument used in part 4 of the proof of this lemma goes through with minimal
changes for the difference

fio(id+g1) — f2 0 (id + g2)
=(fio(id+g1) = fao(id+g1)) + (f2 0 (id + g1) — f2 0 (id + g2)).

O

LEMMA 2.3.3. If, in assumptions of Lemma 2.53.2, Fy and Fs are absolutely
realizable, then F = Fy o (id + F3) also is.

PROOF. The only addition to the previous proof should be checking of the
extendability condition for the realizations. The generalized e-neighborhoods of
the domain of the partition for cochains and their realizations differ only near the
boundary lines of the domain of realization. Let L be the boundary curve of the
latter domain of the form ol, where [ is a boundary curve of

K
i

I l=(C = A€ ~i5). £€>0.

Without entering the details, note that the margin between UH&E) and UHiZE) is no
smaller then Ce¢ 3, whilst |Fy| < |¢|~°. Moreover, |¢|™® < C¢~7 in any horizontal
strip. This implies e-extendability of realizations of F. t

§ 2.4. Shifts of cochains by slow germs

In this section we deal with compositions of cochains with germs of holomor-
phisms growing at infinity in a sense no faster than linear ones.
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A. First general shift lemma. Recall the definition.

DEFINITION 2.4.1. Let F be a functional cochain in some domain 2 that con-
tains (RT,00).Let F' be a tuple of holomorphic functions: F = {F;}. Let p be a
germ (Rt,00) — (RT,00) that is biholomorphically extendable to a domain Q such
that pQ2 C Q. Then the functional cochain F o p is a tuple functions {Fjop}, taken
on the domain Q.

REMARK 2.4.1. If the cochain F' is of type o = (01, ...,0nN), then the cochain
Fop, p=o71 isof type

(4.1) coo=(0001,...,000nN).

The cochain F'op may not be regular, even if F'is. The regularity of the composition
requires the use of realizations.

Recall that a germ o is €2-nonessential provided that there exists a standard
domain 2 € €2 such that
O'QH* D Q.

LEMMA 2.4.1. Let © be a proper class of standard domains; let D1 and Do
be two sets of Q2-admissible germs having the ordering and monotonicity properties
from Subsection D of Chapter 1. Let o be a germ of a biholomorphism such that

10,

(4.2) oDy C Dy U {nonessential germs}

20, Let 01 > 09 in Di. Then:

- if the germ o o 01 is admissible, then o o g9 is admissible

- if the germ o o o9 is nonessential, then o o o1 is nonessential.
30, There ezist two standard domains Q,$ such that

(4.3) cQ, p=oct
49, There exists u > 0 such that
Re p < ué in Q.
Then for any germ F € FCreg(D1) there exists k such that the germ
(4.4) Fiiy o p € FCreg(D2).
Moreover, if there exists € > 0 such that
Re p = e€ in Q,
and F' is rapidly decreasing, then F) o p also is.
REMARK 2.4.2. Assumption 2° holds for II; replaced by Iy by symmetry.
B. Choice of realization and domain.
PRrROOF. Let F be of type
o= (01,...,0n), 0j € D1, 0; > 0j11.

Consider a tuple

coo=(0001,...,000nN).
By assumption 1°, this tuple contains either admissible germs from D5, or nonessen-
tial germs. By assumption 2°, nonessential germs (if any) follow first, and in a row;

admissible germs (if any) follow last, and in a row too.
We will now find % such that (4.4) holds. Set

0 if o 0 0y is admissible (Case 1)
k = ¢ j if 0 0 0, is nonessential, and o o 041 is admissible (Case 2)

N if 0 o o is nonessential.
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The value of k in Case 2 is well defined by assumption 2° of the lemma.

This completes the choice of k.

Consider the composition F(y) o p; in the Case 1, Fjgy = F. We will find a
standard domain g of class €2 such that F;) o p is well defined in €.

Case 1. Qp = Q from assumption 3° of the lemma.

Cases 2 and 3. In these cases, the germ ¢ o g, is nonessential. By definition
recalled before the statement of the lemma, there exists a standard domain Qg € €
such that

(0‘ o O'k>_1QO C IL..

This implies that
1

P Coplly, p=0o~.
But
orll, C Qo i,
the domain of the realization F(y). Hence, the composition Fi) o p is well defined
in €. This completes the choice of the realization and domain.

sub:part
C. Partition. The trace of partition

eqn:sigmakk| (4.5) E=1ls,c00 00;.Egt
on the domain Q, ;, is a partition of type (o, k):
eqn:sigmap| (4.6) B = H,ICV_’_la 0 0jxEgt-

Indeed, no interior boundary line of partition 0, =g for j < k, except for (R*, 00),
crosses the domain €, ;. The interior boundary lines mentioned above belong to
the boundary of the domain oo ¢ ;(II;) Uo 0 0(Ily) or lie outside this domain. But
for any j < k,

eqn:inchome | (4.7) Qo Cooop(lli)Uooor(Ilp)

For j € J(p) this follows from the choice of the “smaller” domain o o o;(Il;). For
j ¢ J, j <p,the germs coo; and oooy, are not weakly equivalent, and ooo; > oooy.
Then (4.7) follows from the assumption 2°.

Hence, the cochain F{y) o p is of type (o, p); the partition (4.6) coincided with
the partition

1,10 0 0. Egp =

in the domain 4 ;. This completes the description of the partition in Case 2.

In Case 1, the partition for Fg) o p coincides with (4.5).

In Case 3, the composition F{y) o p is a holomorphic function, and the corre-
sponding partition is void.

This completes checking the partition requirement for the composition Fiy)op.

D. Checking regularity assumptions. Let us check the other requirements
of the Definition of regular cochains.

FExtension. The property of e-extendability of cochains Fy) o p above follows
from e-extendability of cochains F{j) and the following remark.

REMARK 2.4.3. Generalized e-neighborhood of a domain U of a partition of
type (o0 0 01,...,0 0o o) is the image of the generalized e-neighborhood of the
domain pU under the map o:

U(a) = U(pU)(S) N Q(E).
Note that the generalized e-neighborhood (pU)(E) in the right hand side corresponds

to the partition of type (o1,...,0n), whilst in the left hand side it corresponds to
(co01,...,000nN).
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Growth. By assumption, |F| < expv¢ in Q for some v > 0. Consequently,
|F op| <exprRepin Q. But by assumption, the domain € can be chosen so that
for some > 0

Rep < pé in Q.
Consequently,
|F o p| < exprpé in Q.
If v <0, and Rep > € in Q, then |F o p| < exp(—|ve|€) in Q: the cochain F o p is
rapidly decreasing.

Coboundary. We estimate the coboundary F o p. The formula for a rigging
cochain is precisely suited to accommodate a shift by a germ p such that the
condition (??) CCC holds with o = p~!. Suppose that in the (o, )-neighborhood
of a standard boundary line £ of the partition = the corresponding rigging function
is equal to

me = Zexp(—Cexp Re p;).

Then in the (,¢)-neighborhood of the boundary line o(£ N pf2) of the partition
0«2 the function
mgop= Zexp(—C’eXp Repjop)

is, by definition, a rigging cochain function corresponding to the partition o,=.
Therefore, the estimate |0F| < m implies that |[0F o p| < mop, and mop is a
rigging cochain of the partition o,Z=.

This completes checking all the necessary assumptions for the cochain F o p,
and thus of the prof of the lemma. O

E. Realizations of shifted cochains.

LEMMA 2.4.2. Suppose that in assumptions of Lemma 2.4.1, the cochain F' is

absolutely realizable. Then the regular cochains Fy o p are absolutely realizable as
well.

Proor. Without entering full detail, let us simply write down the formulas for
m,m* and (m,) realizations of F(;) o p. We have:

(Ftk) © )y = Flivm) 0 p
(Flgy o P)zrm) = Fk,my o p
(F(k) o p)(m,l) = F(k—l—m,l) o p.

+ ot
(k) ©P) (m gy = Flrermapy © P
We skip the routine checking of the corresponding definitions. O

F. Equivalence. The diversity of admissible germs may be reduced with the
use of the following notion.

sub:equiv

def:equiv DEFINITION 2.4.2. Let © be a class of standard domains . Consider two germs
of diffeomorphisms on (R*,cc), o and . The germ & is called Q-equivalent to o if
the following holds. There exist two domains Q,Q of class € such that the germs
p =o', p ="' may be biholomorphically extended to  and Q respectively.
Moreover:
° Qecﬁforsome6>0;
e The germ N = po 7 is negligible in ﬁfl.

REMARK 2.4.4. 1. A germ 6Q-equivalent to an 2-admissible germ o is admis-
sible itself.

2. Q-equivalence is not an equivalence relation: it is not symmetric. It is easy
to make it symmetric by the requirement that o is Q-equivalent to ¢ as well, but
we will not need this.
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PROPOSITION 2.4.1. Let € be a class of standard domains, and o =
(01,...,0Nn) be a set of Q-admissible germs. Let & = (61,...,0N) be a set of
germs such that ¢; is Q-equivalent to o;. Let F' be a regular cochain of type o.
Then at the same time it is a cochain of type &.

PROOF. We may assume that the domains Q and Q from Definition (2.4.2) are
the same, and F is defined in 2°. We will prove that F satisfies all the requirements
of the definition of regular cochain of type & in the domain €.

0°. Domain. This requirement is already satisfied because F is defined in
Qeq.

19, Partition and extendability. By definition of a cochain of type o, F is a
collection of functions that are in a bijection with the domains of the partition

(1]

= Hoju =g,
and are holomorphic in the corresponding domains. A domain of a partition = has
the form
U = Noj (I, N p;Q2).
Its generalized e-neighborhood has the form

U = o, (I N p; %),

The margin between U(®) and U®), § < ¢ is no less than C(e — §), C does not
depend on the choice of domains. Consider a domain

U® =ng;(I17° N p;92°).
We have: ; = 0; o N;, where N; is negligible. We may assume that |N; —id| <
e in p;Q for all j. Then

N;(II5, N 5 40) € I N ps %,
Indeed, inclusion
NI, C II;¢
follows from the estimate: |N; —id| < ¢, and the inclusion
Njpi ¥ C p; 0%

follows from o;N;p; = 6;p; = id and Qr c Q.

Growth. The growth estimates for the functions in the tuple F' in the (&,¢/2)-
neighborhoods of the domains of the partition of type & are the same as in the
(o, £)-neighborhoods of the domains of the partition of type o.

Coboundary. The rigging cochains for the partition of types o and & are
comparable, that is, for each rigging cochain of one partition there exists a rigging
cochain of the other partition that is defined possibly in more narrow neighborhoods
of the boundary lines of the partition and majorizes the first rigging cochain . This
follows from the equality

Re g; =Re (g 0p; ') opj =Re pj +o(1); pj =0;", pj =6;".
O

PROPOSITION 2.4.2. In assumptions of Proposition 2.4.1, let F be a germ of
an absolutely realizable regular cochain of type o. Then, at the same time, F is a
germ of an absolutely realizable reqular cochain of type & .

PROOF. The only difference with the previous proof is the justification of e-
extendability across the boundary of the domain of the realization. For this we
need to prove that

(4.8) oM NNQ o6, na.

93



sec:cCs

eqn:rhoom

94 2. FUNCTION-THEORETIC PROPERTIES

Recall that
(I, 00) " = (¢4 (1= )¢*)(I), T = {€+inlé >0, n] < T}

The margin between Hf) and H,(kzs) decreases as |C |_3. On the other hand, the
correction of the quotient 0;1 0 g; in p;§) decreases more rapidly that |¢ |75. This
implies the inclusion

%) n p; QD a;l o &j(HEf)) N p; 2,
which, in turn, implies inclusion (4.8). O

LEMMA 2.4.3. Assume all the conditions of Lemma 2.5.1 except one: instead
of (4.2) we suppose that the set 0 D1 consists of nonessential germs and germs
equivalent to germs of the set Dy. Then the conclusion of Lemma 2.4.1 holds.

PROOF. Suppose that F is an absolutely realizable cochain of type o =
(01,...,0Mm), the germs ¢ 0 g1, ...,0 o g} are nonessential, and the germs o o g;
with £ 4+ 1 < j < M are equivalent to germs ¢; € Dy. We claim that F o p is a
regular functional cochain of type & = (G+1,...,00M)-

It follows from Lemma 2.5.1 that F o p is an absolutely realizable cochain of
type (o,k) = (0k41,...,0n) that is e-extendible for some £ > 0. By Propositions
2.4.1, 2.4.2 it is at the same time an absolutely realizable functional cochain of type
Ds. This proves the lemma. O

§ 2.5. Combined shifts of cochains by cochains .

In this section we prove for functional cochains a general lemma that, together
with Lemma 2.4.1, lyes at the basis of the proof of the function-theoretic shift
lemmas SL 2, yeg and SL 3,, ;¢ formulated in Section 2.6.

A. Statement and sketch of the proof of the second shift lemma. In
the statement below we consider a cochain of the form H = F o (p + G). Such a
composition requires a special definition.

Let F be defined and e-extendable in a domain ©Q, and Q b such that:

pQ C Q.

Let ZF and E€ be partitions Q, Q corresponding to F and G. Let U and V be two
domains of partitions ZF and = respectively such that the following holds:

W:=cUNVNQ#£0, c=p "

Let Fy,Gy be the cochains F and G corresponding to the domains U and V'
respectively. Then a component of the cochain H corresponding to the domain W
is defined as:

HW = FU e} (p—|— Gv)
The assumptions of the lemma below guarantee that compositions of this kind

considered in the lemma are well defined and §-extendable for some ¢ depending
on e, F and G.

LEMMA 2.5.1. Let Q, Dy, Dy and o be the same as in Lemma 2.4.1, and all the
assumptions of this lemma hold. Namely,

10,

oDy C Dy U {nonessential germs}

20, Let 01 > 09 in Di. Then:

- if the germ o o 01 is admissible, then o o g9 is admissible

- if the germ o o o3 is nonessential, then o o oy is nonessential.

30, There exist two standard domains 0, such that

(5.1) QcQ p=ocl.
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49, Moreover, let p = o=, and in some domain Q € Q

(5.2) Rep < o for any a > 0.
Then for any two germs: Fy € FCreg(D1) and Iy € FCyreg(D2), there eists
k such that the germ

(5.3) F = Fygyo (p+ F2) = Firy © p € FCoreg(Da).

The proof goes in the following way. First we choose the proper k in the for-
mula (5.3) for F. Then we choose the domain 2 of F'. After that we check all the
requirements of the definition of regular functional cochain for F: partition, ez-
tendability, growth and coboundary. All these requirements will be stated explicitly
before their proof.

B. Choice of the realization.

PROOF. We construct a standard domain Q C € in which the cochain F is
defined and satisfies the requirements listed above. Let k be chosen as above, and
o1 be the type of the partition for F;. Let ) := Qgs, 1 be a domain of the
realization Fi(yy in which F) is e-extendable and satisfies the inequality

|F1(k)| < exp v

for some v > 0. Let [F2| < exp(—4€), and a be so small that av — p < 0. Let us
take § < eC~! where C = sup|p/| in Qy € Q. CCC Let us take a domain 2 € ©
such that :

Q c Q,
P C Qo g,
By < exp(—p) in 0,
Re p < af in €.
The domain € is the desired one.

C. Partition and extendability. We will check the assumptions partition
and extendability for thr cochain

F=Fo(p+Fy).
This will imply the same assumptions for F'.

Let o2 be the type of the partition for Fy, and (o1,k) be the type of the
partition for Fy (). Consider a partition of the type

oc=oc0(oy,k)Ud?

of the domain 2. We will prove that F is defined in the domain 2, corresponds to
the partition o and is 2d-extendable.

Let us U; €  and Us C  be domains of partitions o o (o1, k) and o9 respec-
tively. Let o; and &; be the maps of the tuples (o1,k) and os respectively. By
definition,

U, = (ﬁjeJU o O‘jHSJ) naQo

U2 = (mleL&lHtl) ﬂ Q,
where II; , II;, are some strips of the standard partition, the sets J and L are some

subsets of Z.
By definition of the generalized neighborhoods ,

Ul(%) = (Njejo 0 ajﬂif) nO%»

Uz(%) = (mleLélHZ&) nao>.
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In the same way U{ and UJ are defines. By the choice of §, the margin between

€

U; and Ul(é), as well as Uy and U2(6) is no greater than 5.

24-extendable.

Hence, the cochain F' is

D. Growth. Let us prove the the cochain
F=Fo(p+Fy)—Fiop

is rapidly decreasing. }
We get an upper estimate of the modulus of the cochain F': we show that there
exist ¢ > 0 and s > 0 such that in Q3

|F| < cexp(—€).

By a condition of the lemma, there exist positive constants ¢y, co, i, and v such
that |Fy| < ¢y expr€ in @y, and |Fy| < ¢ exp(—pé) in Q3. In the é-neighborhood
of QY we have the estimate

F| < F 0F)||Fsl.
FI < o F] o (p+ 6F)]|F|

The domain p€25 belongs to the domain Q; together with its 26-neighborhood.
Moreover, |F3| < ¢ and 0 < 6 < 1. Therefore, (p + GFQ)Qg belongs to the domain
Q1, together with its d-neighborhood. Consequently, by Cauchy’s inequality,

|F{o(p+0F)| <8 'Crexp(vRe(p+ 0F;)) <6 'ClexprRep

for arbitrary @ € [0, 1], where C} = C} exp vd; recall that |Fp| < § in Q3. Next, by
a condition of the lemma, for any o > 0 the domain Q3 can be chosen so that in it
Rep < af. Take a small enough that vao — = —3 < 0. Then |F| < C exp(—5¢),
and requirement 4 is verified.

E. Coboundary. FEstimate of the coboundary. Let £ be a standard boundary
line of the partition 2. Three cases are possible: £ is a standard boundary line
of both partitions of type ¢ o 0¥t and o¥2—the first case; of only one of these
partitions—the other two cases. We consider the first case. The other two can be
reduced to this one if it is assumed that one of the pairs of functions considered
below does not have a jump on L. Let f; and f5 be the functions in the tuple Fjop
that are defined in the domains of the partition ¢, =" adjacent to £; g; and g are
the analogous functions in the tuple F5. Then the function in §F defined in the
(0,€/2)-neighborhood of £ has the form

h=(fio(p+g1) = fiop) = (fao(p+g2) = f20p)
=[(fi=fo)olp+g1) = (fr = fa)op]+[fao(p+g1) = fao(p+g2)]

We estimate separately each of the square brackets; denote the first by hy, and the
second by hs. The difference f; — fo is a function in the tuple 6 F;. By definition,
there exists a C' > 0 such that in the (%, ¢)-neighborhood of the line pL

If1 = fol < Zexp(—CeXpRepo),

where the summation is over those j such that £ is a standard boundary line of
the partition 0;.Z¢; the diffeomorphisms o are in the tuple of1. In the (0,/2)-
neighborhood of the line £

[(fr = f2)'| <C"_exp(—C” expRep;)
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for some C’ > 0 and C” € (0,C). This follows from Proposition 1 in §2.1 and
Cauchy’s inequality. Consequently, if ¢ is sufficiently small, then in the (o, e/3)-
neighborhood of £

|h] < C' ‘Z exp(—C" expRepj o p)||g1]
< Zexp(—C” expRepj o p)

since |g1| < § < 1. This is the required estimate on the function of the tuple
forming the coboundary, but the estimate is only on the first term. Let us estimate
the second term, omitting the details; the arguments are analogous to the preceding
arguments. Using the exponential estimate for regular cochains and the Cauchy
inequality, we obtain |f3| < exp v¢ in Q3 for some v > 0. The same holds for f} o p,
because Re p < a¢ in Qf Consequently, we have that

Ihal < Cexp(v€)lgr — gal < €'Y expoCs(vé — expRepy),

where the summation is over those j such that £ is a boundary line of the partition
0;+Z0; this time the functions o; are from the tuple o¥2. By the definition of an
admissible diffeomorphism (part 4 of Definition 4 in 1.4),

v{ —eexpRep; — —oo
for arbitrary ¢ > 0. Consequently, there exist C’ and C” such that
|ha| < Z C" exp(—C" expRe p;).
The final estimate |h| < |h1| + |ho| is what is required in Definition 10 in §1.6. O
F. Nonstandard domains.

LEMMA 2.5.2. Consider two families . and Qo . of nonstandard domains
that satisfy the same properties as in B. Suppose that they all belong to a standard
domain Q of class Q. Consider two sets D1, Dy of 2-admissible germs and a germ
of a diffeomorphism o : (R*,00) — (RT, 00) satisfying the following conditions:

1. o can be extended to a compler domain in such a way that
(5.4) 00Dy C DyU(Qq,Qe — nonessential germs );

2. for any compact set K; C CT there exists a compact set Ko C CT such that
p(Q2\ K2) C Q1 \ Ky;
3. in the domains Q1 ., p' is bounded and
Re p
§
Then for arbitrary F; € FCreg(Dj,2;), which are Qj.-extendable,

— 0 in (e, 00).

de
(5.5) F :fpl o (p+ Fz) — Fyop € FCfog(Ds).
The proof follows the same lines as for Lemma 2.5.1.
G. Realizations of combined shifts.

LEMMA 2.5.3. Suppose that in assumptions of lemma 2.5.2, the cochains Fy, Fy
are absolutely realizable. Then so F' from (5.5) is.

PROOF. Let us give explicit formula for the realizations of F. Fix the notations:

(Jl,k‘) = (0,1+1,...,011V), o2 = (Jf,...,a?\/f), o= (01,/<:)UU2 =(01,...,0K).

Recall that for any ordered set A and its subset B a map i(A, B) is well defined,
see CCC. Let i =i((o',k),0), j =i(c? 0).
Let
s(m,l) =i(m+1) —i(m), t(m,l) =jim+1) — j(m).
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Take

) _ () (+) +)
En” = F Geyitmy) © (0 Fy () = Y (ki) © P

Fny = 1 (kti(m).s(m) © (0 + Fo,Gi(m),t(m.1))) — F1,(k+i(m),s(m.1)) © P
CCC
Checking of the assumptions of the definition of realizations is routine, and we
skip it. ([l

This is the end of the first part of Chapter 1. All the necessary lemmas from
the general theory of regular functional cochains are proved. We now switch to the
study of the regular functional cochains of class n and to the proof of shift lemmas
for these cochains.

§ 2.6. Regular versions of the shift lemmas

This section starts the second part of the chapter: the study of the regular
cochains that occur in the description of the composition of Dulac’s maps of depth n.
We prove here the regular versions of the shift lemmas SL1,,—SL4,,. These versions
occur when in the statements the lemmas named above we keep the regularity
assumption and waive the decomposability ones. Explicit statements of the lemmas
follow.

Recall the following convention T he set D™ means D" for m < n, and Dy

(+)

for m = n. Denote for brevity .7-'C7” oexpl™ og = Freg.q

LemMmA SL1, reg. Let m =n — 1 or m = n. Then, for any g € G}%})l,

FCH (Dm0 AmmGETt C FClH) (D).

reg

Recall the notation

f<=<ginGF
means
—(k+1)
(6.1) liin%:(), h=fog '
Moreover,
(6.2)
k P
Gslow ={9eG/g==idin G* I8 Gslow Gslow ’ Grap =G \(Gslow Gslow)'

Recall that
(k,f) < (m,g), €G! geGm!
means that either k < m, or k =m, and f << g in G~ 1.
LEMMA SL 2y, ;eg. Suppose that m = n—1 or m = n, (k,f) < (m,g), and
]-'eg ¢- Then
(6.3) o (id + fmg g) — ffgg g
Commentary to S’L2n,reg. A shift of a slower decreasing composition by a
faster decreasing one results in adding some other faster decreasing composition to
the original slow decreasing one.
LEMMA SL3,, reg- a. Suppose that m =n —1 or m = n and either f =~ g in
G™ L or fog7t € GM-1. Then

rap
- +)
Flog.f O(1d+]:$gg) Frog.f -
b. For any g € G™™! the set of germs For any g € G™™ 1, the set of germs

id + f%g g
forms a group with the operation “composition”.
Commentary. For any two rapidly decreasing cochains F,G, and f << g in

G™~1, the composition Foexpl™ og decreases on (R*, 00) faster than Goexp!™ of.
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Let us call these compositions “compositions of level (m,g)”. Statement a claim
that a shift of a composition of level (m, g) by a slower decreasing composition of
level (m, f) preserves the class (m, g) of the composition.
+ _ +
Let Fily = F Chy (D) o expl™ oG =, s Filts
lem:4sl LEMMA SL 4n,reg a.

eqn:slda| (6.4) gl o Gr(id—s—}'”*ﬁ),

reg

b. Letm=n orm=n—1. Then for any g € G™ 1,

+) _ (+)
eqn:sl4b| (6.5) frrgg,g oJm = fr’gg»g :

Decoding of assertion b. For m =n, g € G~}
eqn:sldc| (6.6) FCreg o (D) exp[”] ogo JnL FCreg(Dy) o eXp[n] og.

Form=n—1, g€ G"?

eqn:sl4d| (6.7) fCreg(D?_l) o eXp[nfl] ogo J" 2 C fcreg(D?_l) o exp[nfl] og.

The inclusion (6.7) is a property of the set J"~2? which appears on the level
n — 1. But the set DI~ occurs for the compositions of class n only; so, (6.7) is
included in the statement of the lemma.

This lemma is stronger than the regular version of the Shift Lemma 4 stated in
Chapter 1. Namely, the regular part of the latter lemma claims statement “b” for
m = n only. Yet in the proof of Lemma 2.6 statement “b” for m = n — 1 is the first
to be proved, and the rest of the proof of the lemma is based on this statement.

§ 2.7. Properties of standard domains and admissible germs of class n
sec:admisn

The properties in this section will have their own names.

sub:propor

A. Properness. Recall the definition.

DEFINITION 2.7.1. The set of standard domains of class n is defined by the
formula :

¢
eqn:omegan . n=10=Q,.| Q= — = |C*
q g (7.1) 2, =1 e |, << + (Il C)5> }

DEFINITION 2.7.2. A class © of standard domains is said to be proper if:

(1°) for any C > 0 an arbitrary domain of class € contains a domain of the
same class whose distance from the boundary of the first is not less than

C;
(2°) the intersection of any two domains of class € contains a domain of the
same class.
LEMMA 2.7.1. The class 2, of standard domains of class n is proper.

B. Properties of the germs from A~"G™ . Let us say that a function
o satisfies the logarithm-exponential estimate in a domain D O (R*,o00) if the
following inequalities hold:

(7.2) In¢|” < Jo| < explC[7,

eqn:lep| (7.3) “HC|C|C71‘ < |o'| < exp|¢]®

in D for arbitrary C' > 0, € > 0.
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LEMMA 2.7.2. Suppose that m < n, and g € G™. Then:

1°. The germ A=™g extends biholomorphically from (R, 0o) to the germ of
any half-strip (I1V, 00) and carries it into the germ of any sector (S¥,00);

2. The germ A~(m*tDg extends biholomorphically from (RY, co) to the germ
of any sector (Sy,00),a € (w/2,7);

5. For anye >0 and any C >0

the germ A~™g satisfies the logarithm-exponential estimate in (I1V,00);

the germ A~(mt1) g satisfies the logarithm-exponential estimate in (87, 00).

C. Generalized multipliers.

LEMMA 2.7.3. For any g € G" 1,0 = A="g,Q € Q,, there exist the limits

Al—ng
7.4 An— = lim
(7.4 (o) = Jim 2
. O .
(7.5) An(g) = hgrln = hgrlna

D. Generalized powers.

LEMMA 2.7.4 (L5.5,). For any o € D™ there exists a limit

/
(7.6) lo) = Jim_ % € [1,0].
for any o € D, l(o) = 0.
If the limit (2.2) is finite, then
o = (UMW) o (R* o0),

Thus I(0) is called a generalized power of o.
In particular, if (o) = 1,
o= C1+0(1)~

E. Generalized exponents.

LEMMA 2.7.5 (L5.4,). a. For any o € Dy U D} there exists a limit

0./

7.7 L(c) = lim — €[0,1].
(7.7) (o) o [0,1]

b. If o € DY, then L(o) =0

c. If L(o) =0, then
(7.8) argo’ — 0 in (I, 00)

If the value L(o) is positive finite, then o has the form exp(L(c) + o(1))o in
(ITY, 00). Thus L(o) is called a generalized exponent of o.

F. Ordering and monotonicity.

LEMMA 2.7.6. Let m = n —1 or m = n. Then the germs of class D™ are
ordered by the relation . Moreover, the following monotonicity property holds.

a. Suppose that Q C Qy,, o1 = 0o € D™, and the germs o1 and oo are not
weakly equivalent. Then for any ¢ € (0,1),

(7.9) (0111, 0im O U, 00) D (0211, 4 N Q, 00).

b. Let the germs o1 and oo be weakly equivalent but not equal. Then o1 and o4
can be renumbered so that for arbitrary € and § with 0 < § <e <1

0 €
(7.10) (02119 - N0, 00) C (oaI1E) - N, 00).
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§ 2.7. PROPERTIES OF STANDARD DOMAINS AND ADMISSIBLE GERMS

G. Admissibility.

LEMMA 2.7.7. a. The germs of classes Dy and D?™' are Q,-admissible.
Germs of the sets Di and D}™" are ordered by the relation o, = o2 on (RT,00).

b. Let c = A g, g € G" " and let p = o~ L. Then there exists a standard

slow
domain of class n such that in this domain Re p < €€ for every e > 0.

Recall that admissible germs are defined in Section 3.8.

REMARK 2.7.1. All the germs p inverse to the special admissible germs o,
except for germs inverse to o € D;La_ﬁ o £"~1, map the standard domains of class
one (or 2, or any fixed k) non depending on n, strictly inside:

p(Q,00) C (2, 00).

The exceptional case is the germs of class Dﬁ;pl o L1, The germs of these classes
may grow slower than identity, and the inverse germs may grow faster. Such an
inverse germ p may bring a standard domain 2 to a larger one. The size of the
margin between Q and pQ) depends on n. Formula (7.1) is adjusted to getting the
inclusion:

VQEQy, pEDfp oL ' IQER, : pC Q.

This statement is a part of the proof of Lemma 2.7.7. It motivates the necessity
of consideration of the domains of class €2,,.

H. Almost identical admissible germs. Admissible germs of class £"~!
are almost identical in a sense that o({) = ¢(1 + o(1)). Moreover, the following
lemma holds.

Let S, be a sector

Sa = {¢[larg¢| < a} g <a<m.

LEMMA 2.7.8. Any germ of class L1 is biholomorphic in the germ at infinity
of any sector Sy, and I’ — 1 there.

This implies that the generalized multiplier of any germ from £"~! equals 1.

I. Nonessential germs.

LEMMA 2.7.9 (L5.3,). a. The germs of the form o = A g o exp with g €
U G?&% are nonessential of class €y, .
b. The product of two germs of class D{ is a nonessential germ of class €2y,.
c. Letm=norm=n-—1, and o = exp[m]oholn[k], oo € D¥, kE < m.
Suppose that a composition o o oy contains at least by two more exponentials than
logarithms. Then this composition is a nonessential germ of class ,,.

J. Properties of the groups A~™.J™ 1. In Section 2.11 we will need a
description of the groups named in the title. The stateement of the corresponding
lemma is postponed until there.

These and only these properties are used in the current chapter. In the next
chapter we use some extra properties stated there. All these properties are proved
in Chapter 5.

K. Admissible germs of class 1. Here we present two examples: classes D{
and D}~ for n = 1.

PROPOSITION 2.7.1. Admissible germs of class D{ are equivalent to sectorial
germs o = expopu, i € (0,1) multiplied by a constant in quadratic standard do-
mains.

101
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-
slow’
Recall that G° is the group of all almost regular germs: G° = R. The semigroup
G o Das the form {g € R[Xo(g) := lim@g+ o) ¢ < 1}. Let g = aogo, go € Ro.
Then the germs o = exp og and & = exp oa are equivalent. Indeed, N =6"1oo =

expgo is negligible. O

PROOF. Admissible germs of class D} have the form exp og where g € G

It is easy to see that the multiplications by positive constants do not change
neither the partitions of the class expoAff=gt, not the class of corresponding
rigging cochains . Hence, cochains of class expoAf f are in fact sectorial.

PROPOSITION 2.7.2. Admissible germs of class DY are the affine ones.

PRrROOF. The group G~! consists, by definition, of affine maps. This group

consists of rapid germs only, because A\g(g) = lim %. The semigroups Ggfgw are

empty. Hence, Dj = . On the other hand, G~" = Grap and Dy, = A°Grap =
Aff. Hence, L~ = id, and
DY = Al =Gt = Aff.
O

It is easy to see that the shifts do not change neither the partitions of the class
Af fEqt, not the class of corresponding rigging cochains . Hence, cochains of class
Aff are in fact simple ones.

Lemmas of this section are supposed to be true. This is the induction hypothesis
for the induction in n. The base of induction is the proof of the above lemmas for
the special admissible germs of class 1, namely for simple and sectorial ones. This
proof is trivial and we skip it here. It is scattered along the Part I. The step of
induction is proceeded in Part II. Namely, the same lemmas with n replaced by
n + 1 are proved in Chapterb, where the induction step is completed.

§ 2.8. The first shift lemma, regularity: SLl, ;e¢
A. Formulation of the lemma. Recall that D™ = DJ for m = n, and
D" =D7 form <n—1.
LEmMA SL1,,. Suppose that m =n or m =n — 1. Then

FCH(D™) o A~mam=1 ¢ FC(H (D™).

reg rap reg
The plus in parentheses means that the assertion is true both with the plus (without
the parentheses) and without it.

PRrOOF. We reduce SL1, reg to the first general shift lemma, Lemma 2.4.1.

It is required to prove that for any F; € fCS%(Dm) and any g € G}%@l there
exists F' € fC%gg)(Dm) and such that

FioA ™™g =F.

Let p = A™™g. We will prove that the assumptions of Lemma 2.4.1 hold for
oc=p land D; = Dy = D™.

B. Checking the combinatorial assumptions of Lemma 2.5.1.
Assumption1?® of Lemma 2.5.1 will be checked in a stronger form. Let m = n — 1

or m = n. Then for any o € Dy, = A’mG%&)l,
(8.1) coD™ =D,
Recall the definitions of the sets of special admissible germs of class n:
n o __ n- n- _ —n,yn—1"
Do = Doy © xP; Dyl = A Gslow '

Dyt =DyTtuDr oL,
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h
where n—11 1—n n—2% n—2
Dy ={A""glg € G, Y Crap h
L ={AYglge Gt g = Ad(f)A"%h,h € InoTO, f € G" 2, X\, _o(f) = 0}.

In the proof below we will not need the definition of £*~!. Equality (8.1) is equiv-
alent to

PROPOSITION 2.8.1.

Dfgp o DYt =Dyt
Diap o Dy = Dyg.
PRrOOF. It is sufficient to prove that

eqn:drs| (8.2) D{fa&} o foﬁ = foﬁ.

slow*

(83) D?ap © Dslow = Dy,

Recall that
D{‘Lapl = A" nGrapv

_ —n,yn—1"
SlOW A Gslow
Moreover,
Gwap ={g€G"*A\_1(g) € (0,00)},
where
Al—ng
A— = 1
1(9) i
Similarly,

Gl = {g € G 2hua(g) = 0)

Gl = {g € G" A1 (g) = oo}
Proposition 1 now follows from the definitions recalled above, and from the
following group property of the map A,,: if gy € G}”ai)l, g € G™™ !, then

Am(go© g) = Am(go) - Am(9)-
0

REMARK 2.8.1. The arguments in the proofs of Proposition 2.8.1 are purely
combinatorial; they are reduced to decoding of the corresponding definitions. Simi-
lar arguments are used in the proof of lemmas SL2;, reg and SL3,, reg below, when
we satisfy assumption (5.4). They are purely combinatorial again. More involved
analytic arguments occur in the proof of the Fourth Shift Lemma, when we verify
an analog of the assumption (5.4).

C. Checking other assumptions. Let us first check assumption 2° of
Lemma 2.4.1. As it was proved above, all the germs of the form o o D?_l, oo D}
belong to D{"_l, Dy respectively. By Lemma 2.7.7, all these germs are admissible.
This justifies assumption 2° of Lemma, 2.4.1.

We will now prove assumptions 3% and 4° of this lemma. Note that o € Drap
or to Drap' Thus o is admissible by Lemma 2.7.7. Now, assumptions 3° and 4°
of Lemma 2.4.1 follow from items 1° and 3° in the definition of admissible germ,
see 1.10.3.

All the assumptions of Lemma 2.4.1 are checked for o, Dq, Dy from Lemma
SL1, reg. Hence, the first of these lemmas implies the second one. O
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§ 2.9. The second shift lemma and the conjugation lemma,
function-theoretic variant: SL 2, ;.; and CL,, 1cg

A. Formulations. We recall the conventions in §1.10:
D form <n-—1,
D" =
Dyt for m =n.

Let also )
f-m(+ _ ]_-C(+)(1Dm) oexp[m] og, g€ Gm—l

reg,g reg
The plus in parentheses means that the equality is true both with the plus
(without parentheses) and without it.
LEMMA SL 2, 165. Suppose that m = n —1 orm = n, (k, f) < (m,g), and
¢ e Fl, ;. Then

reg,
¥ o (ld + freg,g) —pC ‘Freg,g'
LEMMA CLy, yeg. Suppose that m =n—1orm =n, 1 <k <m -1, and
feG*. Then

Ad(f)(id + Fm ) Cid + Fol .

The assertions of these lemmas for fixed £ are denoted by SL2j , reg, and
CLg,n,reg, respectively. Both lemmas can be proved simultaneously by induction on
k. The induction base is CL_1 ,, reg, and the induction step is carried out according

to the scheme
A B
eqn:sheme | (9.1) CLk—1,n,reg = SL 2k nreg = CLi n reg-

The implication A is proved for £ < m in this and the next three subsections, and
the implication B is proved for £ < m — 1 in E.
B. Induction step: implication A. It is required to prove that for each
pair of germs
Fy € F Creg(D") andFy € F Cree(D™)

with k& < m and m = n — 1 or n and each pair of germs f € G¥~1, g € G™~! with
[ =< gin G™ ! for k = m there exist a germ F € FC},(D™) and a standard
domain 2 of class m such that

Froexpofo(id+ Fyoexpl™og) — Fyoexp™lof = Foexpl™ og;

1 [m]

the equality holds in the domain g=* o In""™ Q. It is equivalent to the equality

Fro[Ad(f ' oln™)o (id + Fy o expl™ og)] — Fy = F o0,
where

(9.2) o =expl™ohom h= goft

the equality holds in the domain p{), where

9.3) p=oc't=expflonto m™: he ™' ifk=m, then h € Gglt(;\;;'

We investigate the composition in square brackets.
By the CLg—_1,n,reg, Which appears in the induction hypothesis, there exists a
germ F3 € FCl,(D™) such that
Ad(fH)(id + Fy o expl™ og) = id + F3 0 exp[™ oh.
INDUCTION BASE: k = —1.
LEMMA 2.9.1 (CL_1nreg.). Let m =n—1o0orm =mn, and f = al + €
Aff =G 1. Then

) + , +
Ad(f)(id + Fregq) = id + Freg gor-
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PROOF. Let
pE ff’é;g, ¢ =Foexp™og, Fe .7:(3}’(%.
Then
Ad(f)id+¢)=flo(f+pof)=id+a ™t -pof.
O
Note further that expl*l e fﬁgl. By the SL2j;_1 5 req, Which appears in the
induction hypothesis, there exists a germ Fy € F Ct (D7) such that
exp o(id + F5 o expl™ oh) = expl® +F 0 expl™ oh.
Consequently,
A% o (id + F3 o exp™ oh) = id + Fy 0 0.
Accordingly, it is required to prove that in some standard domain €2 of class m
there exists a representative of the germ F € F C,(D™) such that in pQ

reg
F10(1d+F400')—F1 :FOO',
or, equivalently,
(9.4) Figyo(p+Fy) = Fipyop=1F
for appropriate k.

REMARK 2.9.1. This computation does not use the inequalities f << ¢ for
fig € G™™1; the result of it will be used in the proof of Lemma SL3,, s for
f==gor fog! EGggl.

We prove (9.4) with the use of Lemma 2.5.1.

In the next two subsections, condition 1° of this lemma is verified separately
for m = n and m = n — 1 in Propositions 1 and 2 respectively. Then the other
assumptions are justified.

C. Group properties of special admissible germs: level n. In order to
apply Lemma 2.5.1 to the cochain (9.4), we have to check the assumptions of this
lemma. The first assumption is

(9.5) o o D¥ = D™ U (nonessential germs).

Assumption (9.5) is checked separately for m = n (level n), and m =n — 1
(level n — 1). In this subsection we consider the case m = n.

PROPOSITION 2.9.1. Let p be the same as in (9.3) for m = n:
p=expMohom™, k<n,
heG" ' and fork=n, he G .
slow
Let o = p~'. Then

(9.6) o o D¥ € D} U (nonessential germs)
(9.7) oo D{ C D{ U (nonessential germs)

PROOF. The proof is purely combinatorial.

Case 1: k < n — 2. In this case, the germs from o o D} are nonessential,
by Assertion ¢ of Lemma 2.7.9 and the definitions of the sets of special admissible
germs recalled at the beginning of the previous section.

Case 2: k =n — 1. In this case,

o =expoAl™"h, h e G" 1.

Let oo € D1
If og € Dg_l, then o o oy is nonessential, by Assertion ¢ of Lemma 2.7.9.
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If oo € D" 1o L™ !, then
oo =A""go, go € G",
by definition of £"~!. Indeed, in this case
oo =A""giol, gy € G2 le LY 1=AY"gy, go € GML
Hence,
oo =A""go, go=g10l, go€ G""

Therefore,

(9.8) gooy=expoAl™"g, g=hogy e G" L.

Hence, the germ o o 0y is admissible of class D or nonessential depending on g by
Lemmas 2.7.7 and 2.7.9. If g € G&;}V, then o o o9 € D{ by definition 1.11.24. If

ge Gt \G;’fl_, then o o g is nonessential by Lemma 2.7.9a. This proves (9.6).
Case 3: k =n. In this case

o= Afnhfl’ h71 c Gn—lJr
slow

We have to prove (9.7). For an arbitrary o € D{,

n—1—

op=A""gooexp, go € Gslow .

Then
cgoog=A""(h"1ogy) expo.

Depending on the germ h~1 o gy € G"1, the germ o o oy either is nonessential, or
belongs to Dj. This implies (9.7). O

D. Group properties of special admissible germs: level n — 1. Here we
prove relation (9.5) for m =n — 1.

PROPOSITION 2.9.2. Let p be the same as in (9.3) form =n — 1:

p=exp oo™ k<n-1,
heG" 2, and fork=n—1, h <<id in G" 2.
Let 0 = p~t. Then

ocoDkc D?fl U ( the set of nonessential germs)

PROOF. Case 1: k < n—3. This case is treated as Case 1 in Proposition 2.9.1:
the germs from oo D¥ have “at least two extra exponents”, and hence, are nonessen-
tial.

Case 2: k = n—2. This case is treated as Case 2 in Proposition 2.9.1. Namely,
in this case

o =expoA®"h, he G" %
Let 0p € DF = D’f72. If o9 € DgiQ, then the germ o o oy is nonessential. If
00 € D20 L7 2 then
oo =A*"go, go € G" 2.
Hence,
gooy=expoA® g, g=hogy e G" %
This germ either belongs to Dg_l or is nonessential by the same arguments as in

case 2 of Proposition 2.9.1.
Case 3: k =n —1. Then

(9.9) o=AT"RT hT e G

We have to prove that

(9.10) oo DIl C D
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Let o¢ € D?_l. If 09 € Dg_l, then the arguments of case 3, Proposition 2.9.1,
imply: ocoog € Dg_l or is nonessential.
Now, let o9 € D?"1 o £771. Then

= Al_ngo o l7 go € Gz_QJr.
Then, by (9.9),

n—27F

0000 = Al_ngolv g = h_l °go € GSIOW’

ot ot
0 G2 =G" %" Hence,
slow

coog€ DI o Lm c DL

_ot+
because G™ 2
slow

d

E. Checking assumption 2° of Lemma 2.5.1. Let us first prove the second
part of this assumption: if oy > 02 € D¥ and o is as in (9.2), then “c o o9 is
nonessential” implies that o o o1 is nonessential of class Q.

By definition of a nonessential germ, there exists a standard domain € of class
m such that

(0 001) ' (Q) C IL,.

Note that o1 > 09 implies that for any € > 0,
oo(Il,, 00) C oy (Hff), 00).
Hence,
o7t ooy(Il,, 00) C (Hie),oo).
Therefore,

(cgoo1) ' = (o7 ooy)o(c00s) " (Q,00) — (IL,, 00) — (HS;E),OO).

This implies that o o o7 is nonessential of class Q.

Now let us prove that if oy >0 € D¥ 0 is asin (9.2), and 000, is 2-admissible,
then o o g9 is also 2-admissible. The proof is combinatorial with many cases to
consider.

In the assumption of Lemma 2.6, QQQ m = n — 1 or m = n. Suppose that
k < m — 1. Then the germ o o 07 is nonessential by Lemma 2.7.9, a contradiction.
Hence, k=m —1or k =m.

Case 1: Let k = m — 1; the arguments in this case work for both m =n — 1
and m = n. Then

o =expoA'~™h, he G™ L
As 0 o 0y is admissible, the composition o o o contains but one exponent. Hence,
o1 € D;nil, o1 = Al_mg, g < Gm_l.

Then
cooy =expoA'™"g, gy =hogeG™ "
As 0 o0y of this form is admissible, it belongs to D§*. Now Lemma 2.7.9 a implies

that g1 € Ggfg‘:l_. As o1 > 09, we have:

oa=A""5, GEG™ !, ooy =expoA' Mgy, go=hoje G" "

Case la: o; is not weakly equivalent to go. Then o1 > 02, g > g, g1 > go.
m—1" . : m—1"

Therefore, g1 € Gslow 1mphes. go € Gslow
Case 1b: 07 is weakly equivalent to o9. Then

crl_locrg:id+<1),

, and o o 09 is Q-admissible.

n—1"

® is bounded on (R*,00). Let g1, g2 be the same as before. As g; € Gslow ,

(A™"q1)
§

— 0 on (R, 00).
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On the other hand,
id+®=(0o01) 'o(coay)=A""(g7 0 gs).
Hence,
A™™Mgy = (A"™g1) 0 A7 (id + D).
Note that
A7Nid + ®) = ¢ -expodoln.
Hence, the ratio A=1(id + ®)/¢ is bounded on (R, 00). Therefore,

A Mgy (A mg) o AN (id +®) A~V(id + ®) N
£~ algare ¢ " Von®Le0)

Hence, g2 € Ggllo_vlvi, and the germ o o oy € D{J* is 2-admissible.
Case 2: k = m = n. In this case, D*¥ = d™ = D2, and, by (9.2),
_ AT n—1+
o=A""h, heGslow'
Indeed, h = go f~1, and (n, f) < (n,g) by assumption of Lemma 2.6. Now, take
o1 € D
n—1"

o, =A""gioexp, g € Gslow .

We have:

cooy =A""(hogy)oexp.
As 09 € Dy, we get:

coog=A""(hogs)oexp

"1 As ooo is admissible, we conclude that hog; € G™ L . As
slow slow

o1 > 02, we conclude, exactly as in the previous case, that ho go € G;L];;;' Hence,

for some go € G

the germ o o oy is admissible (of class Df).
Case 3: Kk =m =n — 1. In this case

(9.11) o=A""h, heGr 2

slow ’

and D™ = D}"!. Recall that
Dyt =Dy tuDr oL

Case 3a: Both 01,05 belong to Dgil. Then o o 05 is admissible by the same
arguments as above.

Case 3b: 0, € Dy, 03 € D?" 1o £"~1. Recall that in this case

n o+ ne
oy = (AS'Y"g) o1, geGglofN, lecr
By (9.11),
-n n—21
oo = A (hog)el, hoge Ghl.

F. Checking assumption 3° of Lemma 2.5.1. The germ o = exp!™ oh o
In[¥ is either nonessential or admissible. Indeed, for & < m — 1 it is nonessential
by Lemma 2.7.9 ¢. For k =m —1, 0 = expoA'™™ o h, h € G™~!. The germ
o is either nonessential or belongs to D(’)”_1 by Lemma 2.7.9 a. For k =m, 0 =
A~™h, h € G;”fﬁ, In this case o is admissible.

Suppose first that o is nonessential. Then there exists a standard domain €2 of
class n such that

p(©,00) C (IL., ).
For such Q, requirement 3% pQ C Q, holds.

Suppose now that ¢ is admissible. Then 3° holds by the requirement 1° of the

definition of admissible germs.
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G. Checking assumption 4° of Lemma 2.5.1. This assumption is treated
the same way both for m = n — 1 and m = n. Let us check it for m = n.
Suppose first that & < n. Then

p=Inl""H g4=rp=1
Let k =n — 1. Then, by Lemma 2.7.2, p decreases faster than any power. Indeed,
by (7.2), in (§7,00),

[AT"h T < exp ¢
for any € > 0. Then, for k =n —1,

ol < 1¢17,
But in the standard domains of class n for any n > 0, |¢| < |Re ¢*|. Hence, for any
e>0,a>0
Rep <& < af
in this domains. For k < n — 1, the upper estimate of Re p is even stronger.
Suppose now that £ = n. Then

_ g-np—1 -1 n—1"
p=A""h ", h EDSIOW'
Assumption 4° now follows from Lemma 2.7.7 b.
Thus, all the assumptions of Lemma 2.5.1 are checked, and the lemma may be
applied. This proves implication A, see (9.1).

H. Implication B. By the ADT}, which appears in the induction hypothesis
for k < n — 1, there exists for each f € G*¥ an expansion

_ K o
Fh=a+) @) ¢j € Frpg 9, €GN

Then
. m . n’L+ : m+
(912) Ad(f)(ld + freg,g) = [a’ ° (ld + ]:reg,g) + Z Pj° (ld + freg,g)} © f
c mt . mt
9.13) C (a4 Y+ Fitg) o f =id+ Fily gor-

The inclusion C follows from the affineness of a and Lemma SL 2y, ;, req proved
above with implication A; here the latter appears in the induction hypothesis. To
use this lemma we must set ¢ = ¢, in its formulation. The implication B is proved,
and with it SL 2, ;eg.

§ 2.10. The third shift lemma, function-theoretic variant, SL 3,, ;.

A. Formulations. Recall that, by the convention in §1.10

pm DT form <n—1,
N Dy form =n.

Let, for brevity, FCm~ = F &) (D™).
LEMMA SL3,, 1eq. a. Suppose that m < n, and either f =~ g in G™™1 or
fog te€Gm t. Then

reg

()

Fo'lo(id+ Fol ) C FL

reg, f reg,g
b. For any g € G™™1, the set of germs
id + F

forms a group with the operation “composition”.
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B. Proof of the shift property: SL3,, ;.; a.

PrROOF. It is required to prove that for arbitrary F; € }'Cr(jg) (D™), Fy €
FCE,(D™), and f,g satisfying the condition of the lemma there exists a germ

reg

Fe ]:C]g:g) (D™) such that
Fio exp[m] ofo(id+ Fy o0 exp[m] og) =Fo exp[m] of.
We investigate the germ F' given by this equality. We have:
F := Fy o Ad(exp™ of) o (id + F; o exp/™ og).

Let

h=gof™ p=A""h, heGm ! .
By the Remark 2.9.1 at the end of Subsection B, we have the there exists a germ
Fe ]—'Cf%g(Dm) such that

F=Fol(id+Fyop.)

The scheme of the further proof of assertion « is the following. By Lemma 2.4.1 we
will prove that Fyop = Fy € FCreg(D™). Then we will give an upper bound for
F5 and prove that F5 € FCwr(D™). Application of Lemma 2.3.2 will complete the
proof of assertion a.

In order to apply Lemma 2.4.1, we have to check its assumptions. Recall that
Gl =G UG-

Case 1: h € G;Ll;;. In this case, assumption 1° of Lemma 2.4.1 is checked in
Subsections C and D of Section 2.9; assumptions 2°,3% and 4° (strengthened) are
checked in Subsections E, F, G of Section 2.9 respectively.

Case 2: h € G}gﬁ. In this case, assumptions of Lemma 2.4.1 are checked in
Subsections B and C of Section 2.8.

Hence, Lemma 2.4.1 is applicable. It implies that

FQ op=Fs¢€ fCreg(Dm).
Let us now prove that F3 € FCwr(D™). Namely, we will prove a stronger estimate:
(10.1) [Fyop| < ¢ 7"

for any p > o. Indeed, p = A=™h, h € G™ 1. Such a germ satisfies the logarithmic-
exponential estimate by Lemma 2.7.2. In particular, |p| = [In¢| for any C' > 0 in
some standard domain Q of class m. This domain may be so chosen that pQ cQ
for some Q C €,,. But in Q, |¢| < |Re ¢|>. Hence, in Q, |Re p| > ¢/In¢| for any c.

On the other hand, F} is rapidly decreasing, that is, \F2| =< exp(—v€) in some
standard domain for some v > 0. Hence,

|E 0 p| < exp(—ve|Ing¢]) = |¢] 7.
Since ¢ is arbitrary, this implies (10.1) for any p > 0, and proves Lemma SL 3,, yeq
a.
C. Proof of the group property of the set id—i—f{.’gg’g. To prove the group

property in the title, we have to check that the set id + flﬁ’ég’g for any g € G™!
is closed under multiplication and taking the inverse (multiplication and inversion
properties).

The multiplication property follows from assertion a just proved. Indeed, let
Fi,Fs € T%ég. Then:

(id+ Fy o exp!™ og) o (id+ Fy 0 exp™ og) =id+ Fy o exp™ og 4+ F o expl™ og.

Such an F' € {’égg exists by assertion a.



sub:inver

eqn:inver

egn:am

eqn:lsédlevl
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D. Reduction to the inversion property of the set id + .7-'CL’}T+. Let us
prove the inversion property for m =norm=n—1

(10.2) (id+Fm )yl =id+Fm

reg, g) B reg,g*

According to Lemma CLy,—1 pm reg, We have that for g € Gm—1

ld+f1::gg - Ad(g)(ld + reg, 1d)

Therefore, it suffices to prove assertion b for g = id. Further, we have the following
equality, proved below:

(10.3) id + = A™(id + FCm

reg 1d - reg )

An equivalent assertion:
A" (id + reg, 1d) id + fC;Zg

We prove by induction on k the equality
A7F(Gd + reg, ld) id+Fcm’

reg
(0 <k <m). The needed assertion is obtained for k = m

THE INDUCTION BASE: k£ = 0. In this case the equality to be proved becomes
an obvious identity.

INDUCTION STEP. Suppose that the assertion has been proved for some k <
m — 1; we prove it for k + 1. By the induction hypothesis,

A=Y (d + c A l(id+ Fcm

reg

oexp[m_kJrl]) ¢- exp}"C

o exp!™~H

reg, 1d) ° exp[mik])

=expo(ln+FCp [m—k+1]

By Corollary 1 in §2.2,

o exp

reg reg

exp FCl» C=1+FCm

reg reg *
Then
exp]—'Creg oexpMmF=1 =14 Fem' o exp[m—k—l] .

We next get by Lemma 1 in §2.1 that
¢- j:cm o eXp[m—k—l] _ (hl[mfkfl] fc;:llr:g) o eXp[m—k—l]

reg
o m—+1 m—k—1
=FCrq © expl I

reg

From this,

¢ eXp}'CQ; oexp™ kU =id + Fcm [m—k—1]

reg o exp

The equality (9.6) is proved.
Accordingly, assertion b of Lemma SL3,, reg is equivalent to the following:

[Ad(exp™ og)(id + F o) ™" = Ad(expl™ og)(id + F CJ2.,),
or
(id + .7:Cm

reg

)t =id+ Fcm

reg *

This is exactly the inversion property of the set id+F Cm' that follows from Lemma

reg

2.3.1 of Section 2.3. (]

§ 2.11. The fourth shift lemma b, function-theoretic
version, level n — 1

In this section we give a survey of the further proof, and prove that for any
gea?,

_1(H) _ _1(H
(11.1) Tagy ©J"72C Fagy
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A. Strategy of the proof of the fourth shift lemma. Now, the regular
parts of the first three shift lemmas are proved, and we turn to the fourth one,
see Lemma ?7?7. The proof of this lemma is more involved than the proofs of the
previous shift lemmas, and we present here the strategy of this proof. Assertion
“a” of the lemma for n replaced by n — 1 enters the induction assumption. With
the use of this assertion we prove assertion “b” for m = n — 1. This is done in
the present section. From this, in the next section, we deduce assertion “a” of the
lemma as it is. At last, from assertion “a” we deduce assertion “b” for m = n. This
is done in Section 2.13.

Like in the previous arguments, the main part is the study of a cochain F
defined by

F=F(p), L e FC™,p=A""j, jeJm L
The composition p in this expression requires a special study; we do that in the
next subsection. After that we reduce the proof of (11.1) to the simple shift lemmas
for cochains, namely to Lemma 2.5.1. Again a new obstacle arises. To check the
assumption 1 of this lemma, we have to investigate the classes L™ o D™. These
classes did not occur in the definition of special admissible germs. We have to prove
that the germs from these compositions are equivalent to special admissible germs

of class m. This gives rise to an extra technical part of the proof.
sub:prel

B. Preliminaries: properties of the groups A~"J™ ! and A'=™mJ™1,
Recall the definition of the group J™~!. Namely, it is a group generated by the

elements
eqnigenj | (11.2) j=Ad(g)A" " f, fe A geG™!
Recall that T
: g
Am— = 1
ig) = Jim =
Let us introduce a set L™ which is in a sense close to L™, see Proposition 2.11.2

below.

DEFINITION 2.11.1. Let m < n. Denote by L™ the set

eqn:1m| (11.3) L™ = {A"™(Ad(g)A™ ') f€ A%, g€ G™ 1 A\u_1(g) =0}
lem:genjl LEMMA 2.11.1. For any element j from (11.2),
(11.4) AT € id + FCuwr(ATY) for Am—1(g) = 0.
eqn:rp| (11.5) AT™j € Agp o (id + FCur(Ag')) for Am-1(g) € (0,00),
eqn:zero| (11.6) A5 e L™ for Apm—1(g) = 0.

We suppose that this lemma is proved for m < n—1 (the induction assumption).
We will prove it below with the references to Chapter 5 for m =n — 1.
Note that (11.6) is a direct consequence of definitions.

8
II\ b III
.
5 .
=4

sub:redl
C. Reduction to the simple shift lemma. Let us now turn to the proof of

the lemma LS4,,_1b, namely, to the proof of (11.1), with g replaced by g;. In order
to justify (11.1), we have to prove that for any F; € FCreg(A?71)7 g1 EG" 2 j¢
Jn2:

eqn:genj1| (11.7) j=Ad(g)A"%f, g G" % fec A
there exists F' € FCreg(A7 ") such that

n—1] n—1]

Fyoexp og10j = Foexp 1.
This equality implies

F=Fop p=A""(Ad(g));),



sub:grpl

eqn:eql

eqn:eq2

el
R
]
L] s
—
Q.
[

prop:1lm

§ 2.11. THE FOURTH SHIFT LEMMA

where j is from (11.7). The germ
j = Ad(g1)j
still belongs to J"~! and has the form:
j=Ad@)A™ ", g=gog ', feA
where ¢, g1 € G"2. Obviously, § € G™*2. Finally,
p=A""].
Consider three cases.
Case 1: \,_2(g) = co. Then, by (11.4), with m =n — 1,
p € id + FCwr(AJ™).
By Lemma ??, Fiop € fCIEZ%,g(D?fl).
Case 2: \,_2(g) € (0,00). Then, by (11.5), with m =n — 1,
pE o0 (’Ld + JTCWI'(Agil)), o9 € A?Z;S
Hence,
Flope Fioog0 (id+.7:er(Ag_l)), o9 € A?a_ﬁ.
By the regular version of the first shift lemma 2.6,
Frooy = Fy € FOLEM(AT™).
By Lemma 77,
Fyo (id + FCyr(A§ ™)) € FCIEQ(ATTY).

Case 3: \,_2(3) =0. Then p € L™ 1.
We have to prove that

F1 opeE .FCreg(A?il).

For this we have to prove that p satisfies the properties required in Lemma 2.4.1
The main one is proposition 2.11.1 below.

D. Group properties of the sets L”! and A?il. Assumption 1° of
Lemma 2.4.1 is checked by the following proposition:

ProprosIiTION 2.11.1.
(11.8) L' to ATt AT

Relation (11.8) means that for any [ € L""!, oo € A}™!, there exists 0 €
A" such that

(11.9) l o ¢ is equivalent to oy

in sense of Definition ?7.

This proposition is proved at the end of this section.

Let us check other assumptions of Lemma 2.4.1. Assumption 2° holds in a
trivial way: there are no nonessential germs in the set L"~! o A"~

Assumptions 3° and 4° follow from the two statements: Lemma 2.7.7, which
claims, in particular, that the germs of class £7~! are admissible, and the following
Proposition:

PROPOSITION 2.11.2. There exists a bijection between the sets L™ and L™ such
that the corresponding germs are equivalent in sense of Definition 77.

This proposition is proved in Chapter 5 as an addendum to Lemma 2.7.8
Application of Lemma 2.4.1 completes the proof of LS4, _1b.
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PROOF. of Proposition 2.11.1. Recall that
prt=pptupilognt
where D! = (D71 U D) = A" (G2 U GEag).-
We will prove (11.9) separately for oo € Dj ' and o9 € D?~ o L7,
ProproOsSITION 2.11.3. For m <n,
L™ o DI ~ DI

By induction in n, we may assume that this proposition is already proved for
m < n. We need it here for m = n — 1. Proposition 2.11.3 for m = n is proved in
Subsection B.

PROPOSITION 2.11.4. For anyl € L™ ', o9 € D"t o L™ there exists o0 €
D1 o £ such that

(11.10) looy~o;.
Together, Propositions 2.11.3, 2.11.4 imply Proposition 2.11.1. (]
PrROOF. of Proposition 2.11.4. Let
o0 = Al 7"gg 0 l, goeG” Jlpe Lt

Without loss of generality, we may assume that l is a generating element of the
group L™ 1:
l=A""(Ad(g)A"%f), ge G" 2, fe A"

Let
I = Ad(A' " go)l.
Then
(11.11) [ = A""(Ad(§)A"2f), g=gogy € G" 2.

Hence, le A7 J"=2 and Lemma 2.11.1 for m = n — 1 is applicable. Consider 3
corresponding cases for g from (11.11).
Case 1: \,_2(g) = oco. Then, by Lemma 2.11.1,

(11.12) [ €id+ FCwr(D2™h).

Let us prove that the germ [ is negligible. Let po=o0p = = Al=nyg _1 be
biholomorphic in a domain € of class n. Recall that [ = Ad(ol)l First we prove
that [ is biholomorphic in some domain 019, where Q is a standard domain of class
n. By Proposition 2.11.2, [ is equivalent to some germ leLrt, By Lemma 2.7.7,
the germ [ is admissible. Hence, there exists a domain Q € €, such that IQ C Q.
This domain may be so chosen that  C Q. Then [ is well defined and holomorphic
in the domain p;Q. Its correction is estimated by Lemma 2.11.1. We proved that
[—id restricted to p1§) is a particular case of a weakly decreasing functional cochain,
namely, a holomorphic function.

PROPOSITION 2.11.5. In assumption (11.12), for any lg € L*1, and the holo-
morphic germ | from (11.12)

ZolozloziolozlooN,
where N is negligible in lo_lplfl.

PROOF. This follows from the two statements: [ is negligible in /; Lo Q, and Iy
is admissible with a derivative that tends to 1. O



eqn: jn2
sub:gid
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Let us prove (11.10) with o = gg. We have:
logg=A"""gyololy=A""goolgo N~ A*"gyo0ly = op.

This completes the proof of Proposition 2.11.4 in Case 1.
Case 2: \,_1(g) € (0,00). Then, by Lemma 2.11.1, equation (11.5),

[=(A""§)oN, §e Grap: N is neglidgible.
Negligibility of N is proved like in Case 1. Take
o1 = (A'"""(go0§)) o lo.
The germ oy belongs to D}~ ! for the following reason: if gg € G™~
G?ag , then

slow Grapa g€
goog €GN UGS
by definitions of Ggﬁ; , rap Once again,

loog = AX "ggololy = A¥"(ggog)oNoly = A" (ggog)olgoNy ~ A" (ggog)oly = o1,
because the germ N; is negligible by Proposition 2.11.5.

Case 3: \,_1(g) = 0. In this case,

loaoy=(A'""go) ol oly,

where [ € L™ !, Iy € £"1. By Proposition 2.11.2, [ = 4N, Iy € £ !, N is
negligible. By Proposition 2.11.5, N oly = ly o N1, Ny is negligible again. Then
loog = (A'~"gg)oliolgoNy, where l1olg € L. We may take o1 = (A1 7"gg)l10lg €
D?_l. Then ooy = 01 N1 = 01.

This completes the proof of Proposition 2.11.4. O

§ 2.12. The fourth shift lemma, assertion a
Here we prove the lemma named in the title. Namely,
(12.1) J'HC Gr (id + Fieg, Tlge G,

PRrROOF. The group J" ! is generated by the set
JN={Ad(9)A" flge G, f e A%,

It is sufficient to prove the lemma for the generators of J"~1, i.e. to justify (12.3)
for J*~! replaced by J*~!. That is, for any g € G* !, f € A° we have to prove:

(12.2) j = Ad(g)A"L(f) € Grid + Fiag'y)-

A. Case g = id. Let us first consider the simplest elements of the group and
prove (12.2) for g = id. Thus, we prove first that

A eid + Frl

reg,id

for f=id+F, F € .7-'C9r. By the definitions of the operation A and the set fgg }d ,
this is equivalent to the condition

1 o(id+ F)o exp” U —id e ]-'Cmgnfl+ o exp™ 1,

or
1+

F=ml""o(id+ F) - hﬂ"*” € FCreg™™
In fact, a stronger assertion is valid: F € FCO for F e FCY* reg- We prove this.

re,
All the requirements of the definition of simple ftgmctional cochains (Example 2 after
Definition 13 in §1.6) are satisfied, because the derivative (In"~)’ is bounded.
Indeed the functional cochain F is defined in the same standard domain as F, and
corresponds to the same partition. Let o be the type of this partition, and suppose

that the cochain F' is (o,¢)-extendible. Then the cochain F has this property, too,



sub:gec

eqn: jnl

eqn:sl4bnl

eqn:gnl

eqn:gn2

sub:struc

lem: jnni

egn: jnnl
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since the functions in the tuples F' and F are defined in the same domains. The
estimates in requirements 3 and 4 of Definition 10 in §1.6 follow for F and §F from
the inequalities
|F| < C|F|, |6F| < C|oF],
where C is the supremum of the modulus of the derivative of In
of the cochain F'.
This proves assertion a of the lemma for g = id.

[*=11 ip the domain

B. The general case. Let us proceed to the case of an arbitrary g € G™*!
in the expression for j:

(12.3) j=Ad(g)A"" f, fe A% ge Gl

We will make use of the statement b of the Fourth Shift Lemma for m =n — 1

n—1(+ n— . 1)
(12.4) Flegy o J"2 Cid+ Fiagy

proved in the previous section. In the previous subsection we proved that
A l(id+ F) = id+ ¢, ¢ € f:e:glfd' Let now j = Ad(g)(id + ¢). According
to the multiplicative decomposition theorem M DT,, 1, which appears in the in-
duction hypothesis, we get that

(12.5) g=gioj1ou, G eG 2 jieJv? ue H L

By the conjugation lemma CLy, yg for m =n — 1, we get that

Ad(g))(id + ¢) = id + ¢ € id + Fr L

reg,g1 °

Arguing as in the proof of the conjugation lemma in §2.7 and using Lemma

SL 4,1 regd appearing in the induction hypothesis and SL 2,, ;g (proved before) we
get that

. . - ~ ~ L
jito(id+y) =it +9, deFrl.
From this,
., . ] ) - o I
]11o(ld-i-1/J)o]1:1d—&—¢o]17 ¢o]1€‘7:r2g,1;1-
by Lemma SL4,_1 regb. Accordingly,
Ad(gl o]l)(ld—i—s@) :Zd_i'_(ﬁ, (Z)E]:"_fr

reg,gi1 *

Finally, v € Gr(id + .7-""_1+), and

O,reg
. . N~ n_1+
(12.6) j=Adw)(id+ @), ¢ € }'re&; )
Together with Lemma SL 2,, this implies assertion a of the lemma. (I

C. Structure of the group J"~!. The following result is a free byproduct
of the previous arguments.

LEMMA 2.12.1. Let j be a generating element of J"~1 from (12.3). Then
+

(12.7) Jj=id+ 3, o1 € Fligo o fi <= fix1, J1 =91,
g1 1s the same as in (12.5).

The lemma claims that the principal term in the decomposition for j — id is
from fggg and the other terms are from the faster decreasing classes.

PrOOF. For j from (12.3) and g;,u from (12.5) we have proved that (12.2)
holds. By definition,

N
. 1+
u=[Jtd+w), v e 7.
2
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By the M DT,,_1I1, we may assume that in this product f; << fi+1. Consider first
a composition

eqn:conj2| (12.8) Jy = Ad(id + ) o (id + @),

= n—1%1 n—171 n—
G € Flgo, VEFL G, fo <91, fo€G 2,
Let (id + )" = id — . Then, by SL2, 1 reg and SL3,_1reg there exists

$1,¢ € Fi L such that

Jp = (id+@ = —d1)o(id+ ) =id+ (@ — 1) o (id + ) = id + §.

Here p1 = v o (id+ @) — ¢ = ¢ - o(1), and
@10 (id+ 1) —p1 = proo(l).

Hence,
¢o(id+v¢)—¢=¢poo(l).
¢ =p(1+0(1)) #0.
The same arguments prove that the composition (12.8) for f ~ g, that is,
giofle G;’gﬁ, has the form id + ¢, $ #0, ¢ € f;l_ﬁ.
Consider now the composition (12.8) for f > g;. Then, by the Conjugacy
Lemma CLy,_1 reg,

) - ) - . - . S5 1+
(id+ ) "o (id+ @) = (id+ @) o (id + ), ¥ € ff,relg, f=a.
Summarizing, one may say that
Jj = (id + @)I(id + 1;),
pE f;‘ﬁ \{0}, ¥, € }_}1;1+7 fi > g1. Reference to Lemma SL2,,_1 ;g (the same
argument as in the proof of the ADT,,) completes the proof of Lemma 2.12.1.
This lemma will be used in the next two sections.
O

§ 2.13. The fourth shift lemma assertion b, level n

In this section we prove the lemma named in the title. That is, we prove

lem:1ls4nb LEMMA 2.13.1. For any g € G™ 1,
eqn:1s4n| (13.1) ﬂé;’)g oJn 1t = ?e(;)g.

We stress that at this point Lemma L4,a is already proved.

(2]
o
(e}
o
=
o
<
]

sub:red0
A. Reduction to the simple shift lemma revisited. The reduction below

is parallel to that of C. We have to prove that for any Fy € FCreg(Dy), 91 €
G"™1, j e J"!, there exists F € FCreg(Dy) such that

Fio exp[”] og1oj=Fo exp[”] og1.
This equality implies
eqn:rhosn | (13.2) F=Fop, p=A""(Ad(g1)j)-
We want to prove the statement
eqn:efn0 | (13.3) F = Fope FCreg(Dy)

Let us investigate the germ p. It is sufficient to consider only the case when j
in (13.2) is a generator of the group J"~1:

eqn:jenjn| (13.4) j=Ad(g)A" f, ge G"t, fe A
Then

ji=Ad@A" feJ T G=gog, p=AT"].
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Case 1: \,_1(g) = co. Then
p € id+ FCwr(Dy)

and (13.3) holds by Lemma ??.
Case 2: \,_1(g) € (0,00) Then

p=pooM, po € Drap, M € id+ FCwr(Af)

In this case,
F = FyopyoM.
By Lemma 2.4.1, F10pg = F» € FClog(Af). By Lemma ??, Fr 0o M € FCreg(Ap).
This proves (13.3) in Case 2.
Case 3: A\,—1(g) = 0. In this case, p € L™, and we want to deduce (13.3) from
Lemma 2.4.1. For this we need to check the assumptions of this lemma. The main
one is considered in the next subsection.

B. Group properties of the sets L™ and Af.
ProrosiTiON 2.13.1.
L" oDy = Dy.
PrRoOOF. Let o¢g € Dff. By Definition 77 it is sufficient to prove that the germ
N determined by the equality
lo gp = 0 © N
is negligible.
Let [ be a generating element of the group L™ of the form:
l=A""(Ad(9)A" ' f), ge G" ', fe A% Ni(g) = 0.
By definition of Af,
0o =A""ggoexp, go € G\

slow
Then

N = Ad(o)l = A" (Ad(9)A" ™ f), §= g0 go-
Note that A,—1(g) = A\—1(g) = 0, because gy € G" ! . CCC Hence,
(13.5) N e AL™ c At 1.
At the same time,
(13.6) N = pgoloog, pozogl.

Let us prove that the germ N is negligible. This is done word by word as in
Subsection D. First we prove that N is biholomorphic in some domain pofl, where
Q is a standard domain of class n. Let po be biholomorphic in a domain €2 of class n.
By Proposition 2.11.2, [ is equivalent to some germ leLnt. By Lemma 2.7.7, the
germ [ is admissible. Hence, there exists a domain Q € Q, such that IQ C Q. This
domain may be so chosen that Q € Q. Then N is well defined and holomorphic in
the domain poQ. Its correction is estimated by the following lemma.

LEMMA 2.13.2. For any element j € J"! and any p such that p~' € Dg‘*l,
the correction
Al_nj —id = 2
is well defined in a domain U = pS), where § is a standard domain of class n, and
decreases there faster than any power. The germ A'~"j is also defined in (I, c0).

Lemma 2.13.2 is proved in the next subsection. It implies Proposition 2.13.1.
Indeed, by (13.5) we have: N = A'~"j for some J"~!. By Lemma 2.13.2 ¢ = N —id
decreases faster than any power in the domain pg{2 considered above. ([l
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C. Applications of Lemma 2.4.1. In order to apply Lemma 2.4.1 to the
germ Fjop, see (13.3), (13.2), it is sufficient to check the assumptions of the lemma.
The first assumption is

o o DY =~ D} U ( nonessential germs), o = p~'.

A stronger version of this requirement, Proposition 2.13.1, is proved: there are
no nonessential germs in the above relation.

Assumptions 2°,4°,49 of this lemma are checked in the very same way as in
subsection D. Now, Lemma 2.4.1 may be applied to the composition Fj o p, p €
L"~1. This application proves SL4reg nb, modulo Lemma 2.13.2.

D. Properties of the group A'~"J""!: proof of Lemma 2.13.2.
Proor. By LS4,a,
Jt c Gr(id + ”gglg g€ G"2)
Therefore, any element of this group has the form:
. . - - n—1+
j= H(zd+ Pj), 65 € Ty Y g5 =< gjs1-
Note that
exp” 1 = expoexp® e fpe7g21d'
This implies that, by LS2reg ,

expl* U oj = expl” 1 + Z Yj, pj € ]:reg 9"

Therefore,
AT =id+Y " pjoml
Note that
pj=Fjo expl” U 0gj-
Then

@; o = Fjo Al™"g;.

Let us prove that the germ A'~"j is defined in a domain U = pQ from
Lemma 2.13.2. For this we have to prove that any term of the form F o Al’”go,
go € G"1, F € FC" !,z may be extended to U. Let p =o', 0 € D{~"'. Then
for some g € G~ 1, p = A'"""goln. The domain of F has the form po{ for some
Q, where po = A17"go . We want to prove that there exists € such that

pOQ ) an

or, equivalently,
QDA ™™(gpog)onQ.

The domain In €2 belongs to IT = {| Im ¢| < Z}. By assertion 1° of Lemma 2.7.2,
the image of any horizontal strip under a map A'~"(gg o g) belongs to a germ of
any sector |arg(¢| < a, a > 0. For ao < T, the germ of such a sector belongs to the
germ (€2, 00).
These arguments also prove that the germ A'~"j is well defined in (I17, 00).
To prove the second statement we will use Lemma 2.7.2. By this lemma, the
germ A"~ lg; satisfies the log-exp estimate. Hence, for any C > 0,

C|In¢| < |A”71gj|

in (1Y, 00). Together with (??), this implies that |A""1g;| = (1 + o(1))ReA" g,
in (II",00). Moreover, cochains F; decrease exponentially in (II¥,00). Hence, in
(117, 00),

lpj o™ | = |Fj 0 A' "] < expo(—<Cln¢]) = [¢|~C.
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As C > 0 is arbitrary, the left hand side decreases faster than any power. This
proves the second assertion of the lemma. (I

§ 2.14. Properties of the group A" J"!

A. Proof of the first statement of Lemma 2.11.1. The first statement of
Lemma 2.11.1 will be completely proved in this subsection, and the second state-
ment will be partly proved; the proof is completed in the next subsection.

Lemma 2.11.1 is stated in subsection B. Only statements (11.4) and (11.5) for
m = n must be proved. In order to prove (11.5) we need the following proposition.

PROPOSITION 2.14.1. Suppose that j has the form (11.7):
j=Ad(g)A"" f, ge G, fe A
and
A41)  Aea() >p>0, f=id+F, |F| < exp(—vE), v >17.
Then
(14.2) A7"j €id + FCyr(DY).
PROOF. Statements (11.4) and (14.2) are proved in parallel.
Let g = g1 041 ow as in (12.5). Then A\,—1(9) = A—1(g1)-
Case 1: \,_1(g) = co. In this case we will prove (11.4).
Case 2: A\,—1(9) = A\—1(91) > g > 0. In this case we will prove Proposi-
tion 2.14.1.
By Lemma 2.12.1, j has the form (12.7). By Lemma 2.12.1,
al +
AT =id+ Y Fpo A g, gm € G, gm < gmit, Fn € FCLGY

1

g1 is the same as in the previous paragraph.
Let us now consider A~"j:

A™"j = expo(ln +X¢,,0ln) = ¢ exp Bp,oln = (Mexpo(@moln), @, = FroA ™ "g,,.

By the Completeness lemma,

expopm oln =1+ @G oln, @ = Fp o A "g,,, Fo, € ]:C:fag’lg;.
PROPOSITION 2.14.2. Let F,G € FCi;'', f,g € G"2, f << g in G" 2.
Then
(Fo expl” 1! of)-(Go expl” 1! og) = H o exp” Hog, He focgﬁ.

This proposition is proved below. It implies:
(1 +@oln)=1+Syoln, ¢ =GoA g, G eFC ! .
Finally, we get:
AT = id + Sy 01, P = G0 AT, Gy € FC T

Note that g; is the same as above: A,,_1(g1) = p > 0 or co.
Let us first prove that the terms ; oln are regular cochains of class Df. Indeed,
they have the form
Y oln =Gy, © pisy
where
Pm = A7"g, oln.

Let us skip the subscript m and consider a germ

F=Gop, Ge ]-"C”*ﬁmg, p=A"""goln, g G" L.
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We want to prove that F' € ]—"Cr”egﬁ(Ag_l). This was already done in the proof of
SL2;, veg-
This implies that

A" = id+ XF,,, F, € FCr71 (A,

reg

In Case 1, for any rapidly decreasing cochain G,,, the germ %, decreases
faster than any exponent, and the germ ); o In decreases faster than any power.
This proves Lemma 2.11.1 in Case 1; in other words, relation (11.4) is proved.

Consider now Case 2 : u < A,—1(g) € (0,00). We have already proved that

A" =id+ F, F e FC ALY,

reg
We want to prove that

F e Fewr(Ay™),
that is,
(14.3) |F| < 1¢)°.
We have:

AT = Ad(AY"g)(id + F) == id + F = A7 (id + G).
By Lemma 2.7.2, A'~"g is conformal in (IIV,00), and lim v o0y (A" "g) =
An—1(g) > p exists. Then
Re (A'""g) > p¢ in (117, 00),
Moreover,
|G| = |AY g7 o (Al 4+ F o A¥g) —id| < C|F o A'™"g|, YC > M\_1(g)

in (IT¥, 00). But

[F(Q)] < (=vRe ()
in (I1V, 00) by assumption. Then

|G| < Cexp(—vRe A'™") < C exp(—uve).

Now
[F| < | A7} (id+G)~id] = |¢ exp Goln (| < 2/¢| exp(—puv|In]) = 2C|¢|™° < [¢]™".
This proves (14.3), and thus completes the proof of Proposition 2.14.1.

B. Proof of the second statement of Lemma 2.11.1. We can now com-
plete the proof of the second statement of Lemma 2.11.1. Let, as before,

j=Ad(g)A" ' f, ge G, fe A,
and suppose that \,,_1(g) = p. It must be proved that there exist an h; € A="G7 !

ra
and an hy € id + F Cyr(Dy) such that h = hy o he. Take the constant v > 0 sué)h
that vp > 7. By Definition 1 in §1.3, CCC the germ f € A° can be expanded in
a Dulac series with linear part the identity. Let f; be a partial sum of this series
approximating the germ f to within o(1)exp(—v€) in some standard domain of

class n. Then
f=fiofa, |fz—1id|=0(1)exp(—v§).
Let us prove that h; € A~"G"-!. For this we verify the requirements of Definition

rap

10 in §1.6. It will first be proved that h; € A~"G"~!. We have that
Anhl = Ad(g)Anilfl

But f; € R°. Consequently, A"~ !f, belongs to the group G®~! and even to the
group G,,_1; see Definition 1 in §1.3. Further, g € G*!. Since G"~! is a group,
we get that A”h; € G*L.
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We prove that the germ h; increases no more rapidly and no more slowly than
a linear germ on (R™,00). This is equivalent to the assertion that the correction
of the germ Ah; is bounded on (R*,00). Let us prove this. We have

Ah1 = Ad(Aling)fl .

In this case the germ A'~"g has a bounded derivative together with the inverse on
(RT, ), since p,(g) € (0,00). The germ f; has an exponentially small correction.
Therefore, the germ Ah; has not only a bounded but even an exponentially small
correction on (RT,00). Proposition 2.14.1 gives us immediately that hy € id +
FCF.(A}). This finishes the proof of Lemma 2.11.1. O

C. Multiplication Proposition. Here we prove Proposition 2.14.2.
PRrooOF. By definition of H in Proposition 2.14.2,
_ _ 1—-n _ —1 n—2"
H=FopG, p=A""h, h=fog EGS]OW'
The germ p satisfies all the assumptions of Lemma 2.4.1. This is checked in Sub-
sections D-G of Section 2.9. In particular,
Assumption 1°:
ocoD}™! =Dp!
is checked in Subsection D, Case 3. So, Lemma 2.4.1 is applicable to the composition

n—171

F o p. By this lemma, Fope fCFgglJr. By assumption, G € FCreg
By Lemma 2.1.1, H=Fop-G € }—C?e_g1+ as well.

§ 2.15. The Regularity Lemma

We end this chapter with the following natural lemma.
REGULARITY LEMMA RL,,. A partial sum of a STAR-m series with m = n or

m =n — 1 belongs to the set fgg,id'

PRrROOF. Suppose that F' € FC™, Y, is the corresponding STAR-m for the
composition F o expl™, and ¥ is a partial sum of it. It is required to prove that

Yolnl™ e Fom.

The proof is by induction on n. For n = 0 a STAR-0 is a Dulac series; a partial
sum of it is holomorphic in the whole plane and increases in (CT,00) no more
rapidly than an exponential. For n = —1 a STAR-n is a first-degree polynomial.
Thus, the lemma is trivial for n = 0 (induction base).

INDUCTION STEP. Suppose that Lemma RL,_; has been proved. We prove
Lemma RL,,. Consider the case m = n; the proof is analogous in the case m = n—1.
It suffices to consider one term of the series: aexpe, a € K", e € E™. We have that
aolnl™ e F Creg(Dy). This follows from Propositions 1 and 2 in §2.7 and Lemma
3in §2.3. CCC

By the induction hypothesis, eoln™ Y e fCng(D”’l), since e is a partial sum
of a STAR-(n — 1); see Definition 2" in §1.7. By requirement 3° of this definition,

|Reoe o Inl™ | < ¢

in some standard domain 2 of class n.
Consequently,
| exp oe o (™ | < exppé in Q.
Finally, we estimate the coboundary of the cochain exp oe o In(™. By the in-
duction hypothesis,
be o™ | < m,
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where m is some rigging cochain of the partition corresponding to the cochain
eoln™. Then

|6(exp oe o Inl")| < |expoe o Inl" [|de o Inl™ |- O(1)
< Cmexp pé.

But it was already proved above that the product of a rigging cochain of a regular
partition by an exponential is majorized by another rigging cochain of the same

partition.
This verifies the last requirement of Definition 10 in §1.6 and finishes the proof
of Lemma RL,,. O

QQQ
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CHAPTER 3

General Phragmen-Lindelof theorem
for functional cochains

In this chapter we prove a general Phragmen-Lindelof theorem for functional
cochains that implies the version of the Phragmen-Lindelof theorem stated in Chap-
ter 1. This general theorem is stated in Section 3.2. We begin with some classical
versions of the Phragmen-Lindelof theorem that will be used below.

§ 3.1. Classical Phragmén-Lindel6f theorems and modifications of them

A.

THE PHRAGMEN-LINDELOF THEOREM FOR AN UNBOUNDED DOMAIN. Suppose
that D is a simply connected domain on the Riemann sphere that contains the point
0o on its boundary. Assume that the function f is holomorphic in D and bounded
and continuous on the closure of D, which is taken in the topology of C and does
not contain oo. Then

sup | f| = sup|f]|.
D oD
This theorem is a variant of the maximum principle for holomorphic functions.

B.

THE PHRAGMEN-LINDELOF THEOREM FOR TWO QUADRANTS. Suppose that
the holomorphic function f: Ct — C% is bounded on the union of the imaginary
axis and the positive semi-axis and increases no more rapidly than an exponential
in modulus: there exists a v > 0 such that |f({)| < expv|(|. Then f is bounded,

and supc+ | f| = supye+ |f]-

PrOOF. We prove first that f satisfies the maximum principle in each of the
sectors S and Sy; Sp is the first coordinate quadrant, and Sy the fourth. We
consider the sector S; and a family of barrier functions g. that are holomorphic in
S; and have modulus there greater than exp ¢|¢|'*® for some ¢ > 0 and § > 0. For
example,

9:(¢) = expe(BO)' T, B =T/

For an arbitrary positive value of the parameter ¢ the quotient f/g. is bounded
in S7, and by Theorem A

sup|f/ge| =sup|f/g|.
Sl 851

Passing to the limit as € — 0, we get that f is bounded in S;. Similarly, f is
bounded in S, and hence also in CT. Using Theorem A again, we get Theorem B.
O

C.

COROLLARY 3.1.1. If a holomorphic function f: CT — C is bounded and de-
creases on RY faster than any exponential exp(—v€), v > 0, then f = 0.

125
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PROOF. The function fexp A( satisfies the conditions of Theorem B for arbi-
trary A > 0. Since |exp A(| =1 on ACT | this implies that

sup | f(¢)|] exp A¢| < sup | f].
Cc+ oC+

Assume that there exists a point (: Re¢ > 0 and f(¢) # 0. Then f(¢) exp A — oo
as A — oo, a contradiction. [l

REMARK. The Phragmén—Lindel6f theorem can be proved for cochains accord-
ing to the same scheme as in Corollary 1. The proofs of this corollary and Theorem
B were communicated to the author by E. A. Gorin.

COROLLARY 3.1.2. Theorem B remains valid if in its formulation the real semi-
axis is replaced by a curve I that joins some point on OCT with the point co on the
Riemann sphere and has germ at infinity contained in the sector Sy : |arg (| < a <
w/2. The same applies to Corollary 1.

The proof repeats almost word-for-word the proofs of Theorem B and Corol-
lary 1.

COROLLARY 3.1.3. Corollary 2 remains valid if in it CT and OCT are replaced
by a standard domain Q0 and 0S2.

PROOF. By the definition of a standard domain, there exists a conformal map-
ping ¢: Q — C* of the form ¢(1 + o(1)). This implies that the germ at infinity of
the curve I' = ¥R belongs to an arbitrary sector S, with o > 0. Consequently,
the function f o1 ~! satisfies all the conditions of Corollary 2. Corollary 2 thus
implies Corollary 3. (]

COROLLARY 3.1.4. Suppose that Q is a subdomain of C containing the ray
R}Y: € > a for some a > 0, and assume that there exists a conformal mapping
: Q — C* carrying the germ of the ray (R™,00) into a curve (I',00) whose germ
at infinity belongs to some sector Sy, o € (0,7/2). Suppose that the holomorphic
function f: Q — C increases no more rapidly than expv|y| for some v > 0, and
that f is bounded on OQ and on R} . Then f is bounded in Q, and

sup | f| = sup|f].
Q oQ
If, moreover, f decreases on R} more rapidly than exp(—ARe)) for all X > 0,
then f = 0.
PrOOF. Apply Corollary 2 to the function f o=t t

§ 3.2. Statement of the result and special admissible germs.

A. General Phragmen-Lindelof theorem. Consider a proper class € of
standard domains. Let A be a class of special Q-admissible germs to be described
below.

thm:pll THEOREM 3.2.1. Let F' be a reqular weakly realizable functional cochain of type

(21) o= (01,...70'1\/‘), o; € A, 05 > 0j+1,

given in a standard domain of class 2 that grows no faster than exp v for some
v > 0, and decreases on (RT,00) faster than any exponential exp(—v€), v > 0.
Then F* = 0. If F is also almost realizable, then F' =0

This statement becomes complete after the description of the set D.
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§ 3.2. STATEMENT OF THE RESULT AND SPECIAL ADMISSIBLE GERMS.

B. Generalized powers. For any o € D there exists a limit

.o’
2.2 l = 1 — el .
(2.2) (0) = Jim == € [1,oq]
The value {(0) is called a generalized power of o.
In particular, if (o) = 1,
o= C1+O(l)~

DEFINITION 3.2.1. The germ o € D is called almost power if the limit I(o) €
(0,1] and almost linear if () = 1.

C. Generalized exponents. a. For any ¢ € D there exists a limit

/

. C
(2.3) L(o) = (Hly,lgo) — € [0,1].

b. If L(o) = 0, then

(2.4) argo’ — 0 in (IT", c0)
c. If L(c) =1, then
(2.5) & —1Ino \, oo on (RT,00)

The value L(o) is called a generalized exponent of o.

DEFINITION 3.2.2. The germ o of class D is called fast if L(o) = 1, sectorial
if L(o) € (0,1), and slow otherwise.

D. Ordering and monotonicity. The germs of class D are ordered by the
relation >=. Moreover, the following monotonicity property holds.

a. Suppose that Q C Qy,, 01 = 02 € D, and the germs o; and o2 are not
weakly equivalent. Then for any € € (0, 1),

(2.6) (0111050 N R, 00) D (02l a1y N 2, 00).

b. Let the germs o7 and o5 be weakly equivalent but not equal. Then o; and
09 can be renumbered so that for arbitrary € and 6 with 0 < d <e < 1
NQ,o00) C (alng)ain NQ,00).

(2.7) (o511

main

c. Suppose again that 2 C Qm, 01 > 02 € D, and p; = 0]71, 7 =1,2. Then

(2.8) Z—j =1+ o(1).

_ E. Stripes of Warschawski type. Let 0 € D, L(o) = 1, Inoll = II. Then
IT is of Warschawski type (to be defined later.) In particular, (II, 00) has the form

(29)  (T,00) = {(&mIn € (Z +7(€), = —~(€)), € € (R*,00)} and 7\, 0.

2 2
The function v in (2.9) has the properties:
(2.10) €9/ /7] <2, 1€" /4| < 3 on (R™, 00).
For any A > 0, the stripe
. T ™
(211) (L, 00) = {(Emln € (5 +7(6), 5~ M(E)),

belongs to In () for any standard domain € of class © and to IL,:
(2.12) (Iy, 00) C I, N1InQ
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F. Nice partitions. To formulate the next property, we need the following
definitions.

Let o be an admissible germ, and the partition o.=g is well defined in a
standard domain €.

DEFINITION 3.2.3. The partition o,Xg; is nice provided that
e all the boundary lines are graphs of functions

n=n(§)

e any vertical segment Re ( = £ in 2 intersects but a finite number of
boundary lines. The sum of secants of the slope angles of the partition
curves at these points is called the total slope and defined Cz o(§). We
require that

(2.13) Czq < C&*.

e the real part of the germ p = o~ ! is non-decreasing upon moving away

from the real axis along a vertical line:

(2.14) Re p > poRe
provided that o is not almost linear; for any § > 0
(2.15) Rep>=(1—=9)poRe

provided that o is almost linear.

DEFINITION 3.2.4. The partition of type
(2.16) 0=(01,...,0N), 01> > 0N
is nice provided that all partitions o;.=gt, 7 =1,..., N are nice.

Another property of germs of class D is:

For any standard domain Q € €2, and any ordered tuple (2.1), there exists a
smaller domain Q C Q, Q C Q such that the partition (2.1) of € is nice.

The assumption of Theorem 3.2.1 is that class D satisfies the properties listed
above.

In this chapter we fix an arbitrary class €2 of standard domains, and a class
D of Q-admissible germs. In all the statements below, as it was done in Theorem
3.2.1, we assume that D satisfies the properties listed in this section.

The germs o; in the tuple (2.16) are ordered by the relation >. Hence, the
fast germs in this tuple go first, then sectorial, then the slow ones. Without loss
of generality, we may assume that the germ o is fast; elsewhere, we can add a
“fictitious” germ in the tuple (2.1).

G. Proof of the Phragmen-Lindelof theorem for cochains of class n.
In order to apply the general Phragmen-Lindelof theorem to cochains of class n,
we have to prove that classes of admissible germs of class n satisfy the assumptions
of Section 3.2 imposed on the class D. These proves are presented in Chapter 5.
Here we state or cite the corresponding lemmas.

Lemmas about generalized powers and exponents, as well as ordering and mono-
tonicity properties of the germs of classes D{ and D?’_l are stated in section 2.7
and hold true by the induction assumption on n. The same lemmas for the classes
Dy and D} are proved in Chapter 5 (induction step in n).

The following lemmas are also included in the induction assumption in n for
classes D, D’f_l, and proved for DS‘H, D7 in Chapter 5.

LEMMA 3.2.1. Let 0 € Dy U DY, and the generalized exponent L(c) = 1.

Then the stripe II = In o() is of Warschauski type, and satisfies relations (2.9) —
(2.12).



§ 3.3. PRELIMINARY ESTIMATE

lem:nice LEMMA 3.2.2. Partition of the form .24 for o € Df (o0 € DY™1) is nice in
some domain of class 2, (of class Q,_1 respectively).

These lemmas imply that the classes Dg and D{‘_l have all the properties re-
quired from the class D in the statement of the general Phragmen-Lindelof theorem
. This implies the Phragmen-Lindelof theorem for the functional cochains of class
n, modulo the proof of Lemma 3.3.1. This proof is the subject of the remaining
part of the chapter.

§ 3.3. Preliminary estimate and the plan of the proof
of the Phragmen-Lindelof theorem

A. Preliminary estimate. Let the cochain F' be the same as in the
Phragmen-Lindelof theorem. The first estimate of the following lemma will be
applied to the cochain itself, the next one to its k-realizations Fiy.

lem:prele LEMMA 3.3.1. I. Consider a cochain F defined of type (2.1) in a standard do-
main € ), that satisfies the assumptions of the Phragmen-Lindelof theorem.
Suppose that the germ oy in the tuple (2.1) is fast. Then on (RT,00),

sqniprell] (3.1) F(€)] < exp(—C exp py (€))

for some C > 0.
I1. Consider a tuple (2.1), and a cochain F}, (not necessary the realization Fy,
of the cochain F above) defined for some € > 0 in a domain

eqn:omegakey | (3.2) Qo = UkH(Til)ain nQ, Qe
of the type
ok = (Okt1,---,0N).

Suppose that on (RT,00) one of the following estimates hold:
eqn:prel2| (3.3) |Fi (&) < exp(—Cexp pr),

in case when the germ oy is fast;

eqn:prel3 | (3.4) [Fi(§)] < exp(=Cexp(1 = 6)py),

in case when the germ oy is sectorial or slow. Then on (RT,00),
eqn:prel4| (3.5) [F1(§)] < exp(=C exp pp11)

in case when the germ o1 is fast;

@
o'
o]
2]
0]
]
.
=]

eqn:prel5| (3.6) |Fy ()] < exp(—Cexp(l — 6)pr+t1),

for any § > 0 in case when the germ oy11 is sectorial or slow, with the following
exceptions. The lemma requires that

a. The germ o1 is fast.

b. When oy, is fast, then o1 is not slow.

c. When oy, is sectorial, then o1 is not an almost power germ.

These exceptions are not at all restrictive. They may be bypassed by introduc-
ing some fictitious germs in the tuple (2.1). Namely, a fictitious fast germ may be
put in the first place; a fictitious sectorial germ may be introduced between a fast
and a slow germ in (2.16); and a fictitious slow but not almost power germ may be
introduced between a sectorial and almost power germ in the tuple (2.1). So we
will apply Lemma 3.3.1 without any exception.
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B. Proof of the Phragmen-Lindelof theorem based on the prelimi-
nary estimate. Counsider the cochain F of type (2.1) as in Theorem 3.2.1. Recall
that two germs of class D, o and & are weakly equivalent provided that the compo-
sition quotient o' o & is bounded on (RT,c0). Let us split the tuple (2.1) to the
classes of weak equivalence. As the germs in the tuple are ordered by the relation
-, the germs in one class are going in a raw. Let oy;, j = 1,...,m be the last
germs in their classes of weak equivalence; note that oy, is weakly equivalent to
1. We will prove Phragmen-Lindelof theorem by induction in j. Adding fictitions
germs to the sequence (2.1) we may assume that:

e the germ o is fast;
e if the germ oy, is fast, then the germ oy is sectorial;
e if the germ oy, is sectorial, then the germ o1 is not almost linear.

We will prove by induction in j the corresponding relations (3.3), (3.4) for
the realizations F(;). These relations for Fiz, ) would imply the same relations
for the realization F(uy, which is a holomorphic function in its domain. Special
arguments presented below allow us to imply classical Phragmen-Lindelof theorem
, and conclude that F(y = 0.

Let F be the same as in Phragmen-Lindelof theorem , hence, the same as in
Lemma 3.3.1.

Induction base: j = 0; in this case, by definition, Fj,, = F. We apply to F' part
I of Lemma 3.3.1, and conclude that (3.1) holds for F, As oy and oy, are weakly
equivalent, the same estimate holds for p; replaced by px,:

(3.7) [F'(§)] < exp(—=C"exp py, )

for some C” > 0. Indeed,

J;lOO'kl = pP1 00k, :Zd+0(1)

Hence, Uk_ll 001 = pp, 0 py " =id+ O(1). Then

exp pr, = exp(pr, 0 p1 1) 0 pr = exp(p1 + O(1)) < Cexp pi
for some C' > 0. This implies (3.7).
Now, Fj, = F on (R*,00). Hence, F}, satisfies (3.7) on (R*,00). This con-
cludes the i8nduction base.
Induction step from 57 > 1 to j+ 1.
Let Fiy,) satisfy (3.3) or (3.4) depending on the properties of o, with Fy, py
replaced by F{y,) and pg,. Then, by the second part of Lemma 3.3.1,

| foey| < exp(—Cexp pr;41)
or
|F(k,y| < exp(—=Cexp(l — 6)pr,+1),
depending on whether or not the germ oy, 41 is fast.

Note that oy, 11 is weakly equivalent to oy, ,. Hence, by the arguments pre-
sented in the induction base, the same inequalities hold with py, 11 replaced by
Pk, - The realizations F(; ) and Fiy,, ) coincide on (R*, 00). Then

|F(k;50)| < exp(=Cexp py; )
or
[ Flhy )| < expm(=Cexp(l = 6)pr,,, ),
depending on whether or not the germ oy, , is fast. This completes the induction

step.
As a result, we conclude that

(3.8) [F(wvy| < exp(=Cexp pn).
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The realization F(yy is a holomorphic function in the domain
Qo v = on(yain N ANGD).
The following proposition is proved below with the arguments used in the proof of
Lemma 3.3.1.
PROPOSITION 3.3.1. There exists a domain Qn C Qs n and a conformal map-
ping ¥ : Qn — CT such that:
(T, 00) = $((R*,00)) C Sq
for some o € (0, 5 ); moreover,

€Xp PN
Re

— o0 on (R, 00).

Consider now the holomorphic function f = Fyyo¢p~! : CT — C. We will
prove that

(3.9) ] < exp(—v€)

on I' for any v > 0. Then the classical Phragmen-Lindelof theorem implies t5hat
J =0. Hence, Fy) =0, F* =0. In the same way we prove that F&r\,) =0, Fl'=0
for almost realizable cochains.

Let us prove (3.9). We have: (3.9) on I is equivalent to

|F(ny| < exp(—vRe ¢)

for any v > 0 on ((R',00)). This inequality follows from the estimate (3.8) and
the second assertion of Proposition 3.3.1.

This concludes the deduction of the general Phragmen-Lindelof theorem from
Lemma 3.3.1.

§ 3.4. Proper conformal mappings

We describe some geometric characteristics of conformal mappings of domains
containing the germ of the positive semi-axis onto a half-plane.

A. Definitions.

DEFINITION 3.4.1. Let €2 be a connected simply connected domain belonging
to a quadratic standard domain and containing (R, o0). Suppose that € is verti-
cally convex (may be, in the complement to some disc). Let K be a compact set
(a topological disk) that contains zero. The degree of convexity for a conformal
mapping ¥: Q@ — C* \ K is defined to be the function

RTNQ—RT: () = Rm(aicéRez/)(C)
(see Figure 1).

DEFINITION 3.4.2. A conformal mapping 1 of the domain 2 described in Def-
inition 1 onto a half-plane is said to be proper if it extends to the e-neighborhood
of for some € > 0, and:

1°. 4 carries the germ of the ray (R, o0) into the germ of the sector (S, oc),

Sa ={¢: |arg (| < a}
for some o < /2.
2°. Rev//Rep > (14 0(1))/€ on (RT,00).
3°. The degree of convexity of 1 increases no more rapidly than its real part
on (R*,00), that is,

P(E) < cReyp(§), £€RTNQ,
for some ¢ > 0.
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FIGURE 1

REMARK. As shown below, requirement 2° means that Ret grows no more
slowly than &'1°(): and perhaps faster than any power.

B. Examples. The simplest proper mapping is a conformal mapping of the
sector arg¢ € (o, 3), —7/2 < a < 0 < B < 7/2, onto CT. The first two require-
ments in Definition 2 can be verified in an obvious way. The last one follows from
the homogeneity of the power function. The next example is given by

PrOPOSITION 3.4.1. For an arbitrary standard domain 2 belonging to a qua-
dratic standard domain there exists a proper (in the sense of Definition 2) conformal
mapping of this domain onto a half plane.

PROOF. By the definition of a standard domain, Definition 1 in §1.5, £ is
symmetric with respect to RT, and there exists a conformal mapping ¢: Q — C*

whose correction on (RT, 00) is real and grows more slowly than any linear function
on (L

(%) Y(C) =C1+ (), w=o(1) in

The mapping ¥ extends holomorphically to the e-neighborhood of € in view of the
same definition.

The first requirement of Definition 3.4.2 on ¢ follows from the formula (x).
Further, by the same formula, a standard domain contains a sector with the bisector
(RT, 00). Consequently, by Cauchy’s inequality,

W'/ =(1+0(1))/€ on (RT,00).
This verifies requirement 2° of the definition of properness, because ¥ = Re on
RT.

Finally, since 2 belongs to a quadratic standard domain, we get:

1. The function {/; is well defined;

2. The inequality Re < £ holds on 012, since Ret) = 0 on 0.

This implies that the function u. = Re — (1 4 €)& increases no more rapidly
than ||, is negative on CT, and is bounded from above on (RT, c0) for all € > 0.
The function u. ot~ is harmonic on C7, is negative on C*, is bounded from above
on (RT, 00), and increases no more rapidly than a linear function: |u. oy~ < C|(]
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on (C*,00). Let f be a holomorphic function such that Re f = u. o~ . Then
|exp f| < 1on OC™T, and | exp f| is bounded on (R, c0). By the Phragmén-Lindelof
theorem for two quadrants, |exp f| < 1 everywhere in CT. Consequently, Re f < 0
in C*, and u. < 0 in Q. Passing to the limit as ¢ — 0, we get that Rey — £ < 0
everywhere in ). Consequently, for every § > 0

9(€) E max Rew(() <€ < (1+8)p(¢)

on (R+, 00). This proves requirement 3° in the definition of properness. (Il

C. Properties of proper mappings. We list the properties of proper map-
pings needed to prove the preliminary estimate. Everywhere below in this section
1 is a proper mapping in the sense of Definition 2 unless otherwise stated.

PROPERTY 1. On (RT,00) the function Re is nonnegative and monotonically
increasing: Ret’ = 0 on (RT,00).

PROOF. The first assertion follows from requirement 1° in the definition of
properness, and the second from the first and requirement 2° in the same definition.
O

Before formulating Property II, we prove

PROPOSITION 3.4.2. Suppose that f: (RT,00) — (RT,00) is a monotonically
increasing function, and f'/f > A/x. Then for arbitrary C > 0 the relation foC >
CA . f holds for C>1, and foC < CA- f for C < 1.

PROOF. Obviously, f(Cx)/f(z) = exp I, where I = [“*(f/(£)/f(€))d¢. Let
C < 1. Then I < AInC. Consequently, f(Cz) < CAf(x). The case C > 1 is
treated similarly. O

PrOPERTY II. If C < 1, then Ret o C < C'=9 - Re) for arbitrary § > 0, and
for any sufficiently small 6 > 0

Revo(1—68) < (1—6/2)Retp on (RT,00).
PRrROOF. This is an immediate consequence of requirement 2° in Definition 2,
Property I, and Proposition 2. ]
Before stating Property III, we give

DEFINITION 3.4.3. The degree of nonrealness of the mapping v in Defini-
tion 3.4.1 is defined to be the function by: RT NQ — R,

b = min Re(.
) = oo SRy ¢

REMARK 3.4.1. It follows from Definitions 3.4.1 and 3.4.3 that

P(by (£)) = Reyp(8);

see Figure C.

PrOPERTY III. The degree of monrealness of a proper mapping increases no
more slowly than a linear function: for some C >0

by (&) > CE.

PROOF. Let £/by(§) = C(§). We assume ¢ is large enough that the asymptotic
inequalities of Definition 3.4.2 become pointwise inequalities, in particular,

Re/(§)/Re)(§) = (1 - 0)/¢.
Then, by Remark 3.4.1, we get from requirement 3° of Definition 2 that

Re(§) = 1(by(£)) < CRetp(by(€)).
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FIGURE 2

Let us apply Proposition 3.9.1 to the function f = Re, considering that
C(&) > 1, since by (&) < &:

Re)(€) = Re ) (C(€)by(€)) > C(€)' 7 Reto(by (€)),
Ret)(by(€)) > C ' Rep(§) > C1C (€)' Reto(by (€)).

Consequently,
cellt<co<c, cE <oy, 0

PrOPERTY IV. If requirement 2° of Definition 3.4.2 is strengthened to
£Rev'/Rety — 0o on (RT,00),
then Property 111 is also strengthened, to
by (§) = (1 +o(1))¢.
PROOF. Arguing as in the proof of Property III, we get that
1<CE) <oy
for arbitrary A > 0. ]

§ 3.5. Trivialization of a cocycle

The goal of this section is to find for a given (not necessary bounded) cochain
a bounded cochain with the same coboundary, and to get an upper estimate of its
modulus. This permits us to estimate the original cochain by applying the classical
Phragmen-Lindelof theorem in §3.1 to the difference between the original cochain
and the one found; this difference is a holomorphic function.

LEMMA 3.5.1. [on trivialization of a cycle] Suppose that Q is a domain be-
longing along with its e-neighborhood )¢ to a standard domain Q. Let F' be an
e-extendible functional cochain of type (2.1); we stress that o; € D. Let = be the
corresponding partition. Assume that this partition is nice in sense of Definition
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3.2.3. Suppose that the coboundary of F in the e-neighborhood QF of € can be
estimated from above by a function m:

(5.1) |0F| <m in O=F,

and

(5.2) max m < my, / mds = 1 < oo,
0=ZENQeE 9=NQE

(the integration is with respect to the arclength). Then there exists a functional
cochain ® on Q corresponding to the same partition =, such that

8® = 6F on 02N Q and max |®| < CeH(mg + I),
where C' is a constant depending on the partition =, and not on F.

ProOOF. The proof is based on an explicit formula for . When computing a
function in the tuple 6 F' on a boundary line of the partition =, one first considers in
the formula the domain lying to the left of the line, and then the domain lying to the
right; the orientation on the partition lines is induced from the natural orientation
of the ray R™ under the projection ¢ — & = Re(. Let

o 1 51(r)
270 Joznge T €

By a theorem of Plemelj [?], & = §f. Let us estimate |®({)| for ¢ € Q. We
consider two cases.

1°. dist(¢,02) > ¢/C, where C' = sup, o [0 ()], p; = O'j_l. Then |®(¢)] <
Ce™'I.

2°. dist({,0=) < ¢/C. Suppose that ¢ is in the domain D of the partition =.
Then the disk K about ¢ with radius €/C is entirely contained in the generalized
e-neighborhood of D (see Proposition 1 in §2.1). In the formula for ® we replace the
integrals along “curvilinear chords” (the connected components of the intersection
0Z N K) by integrals along the arcs of the circle 9K with the same endpoints that
are separated from ¢ in K by the corresponding curvilinear chords. The moduli
of the integrals along arcs belonging to K can be estimated from above by the
constant 2Cmmy /e, and the integral along the remaining part of the contour by the
constant CT/e. This proves the lemma. (]

dr.

The cochain @ in Lemma 1 is called a trivialization of the cocycle 6 F.

§ 3.6. The maximum principle for functional cochains

LEMMA 3.6.1. Suppose that under the conditions of Lemma 1 the domain )
is standard, and the functional cochain F increases no more rapidly than an expo-
nential expvé in Q and is bounded on 9Q and on RT. Then F is bounded in Q,
and

sup |F| < sup |F| +2Ce ™ (mg + 1),
Q Gle)

where C,e,mg, and I are the same as in Lemma 1.

PROOF. Suppose that ® is the trivialization of JF given by Lemma 1. Then
F — ® is a holomorphic function in a standard domain €2 and satisfies the condition
of Corollary 2 in §3.1. In view of this corollary,

sup |f — ®| =sup |f — ®|.
Q o0

Further,
sup| | < sup |f — | + sup|®| < sup| f| + 2 sup @),
Q Q Q aQ Q

The estimate in Lemma 2 follows from the estimate in Lemma 1 on |®|. O
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LEMMA 3.6.2. Suppose that the conditions of Lemma 1 on trivialization of a
cocycle hold, and that there exists a conformal mapping 1: Q — CT carrying the
germ of the ray (R*,00) into the germ of the sector (Sa,00) for some o > 0, where
So = {Jarg(| < o < w/2}. Assume that the cochain F increases no faster than
exp || for some v > 0 and is bounded on Q) and on (R, 00). Then the estimate
of Lemma 2 is valid.

PROOF. The proof repeats word-for-word that of Lemma 2 applied to F; =
F o1, except that Corollary 2 is replaced by Corollary 4. O

8§ 3.7. A general preparatory estimate.

sec:specl

We call the estimate below preparatory rather than preliminary in order to
distinguish it from the preliminary estimate of Lemma 3.3.1.

The following lemma is in the kernel of the proof of Lemma 3.3.1. Instead
of the study of the realizations whose domains are determined by the germs oy,
see (3.2), we study the cochains whose domain admits a proper conformal mapping
onto C*. Our input is a bit stronger than in Lemma 3.3.1 (the requirements in this
input are justified in any particular case below), but the output is much weaker.

When we apply this lemma, we first prove that the realizations of the cochain
in the Phragmen-Lindelof theorem are defined in some domains that admit proper
maps to C*; second, we strengthen the output of the lemma below to get (3.5)
or (3.6). These arguments are presented in more details in Subsection E below.

A. Lemma on the preparatory estimate. Recall some notations from Sec-
tion 3.4.

Let ¢ : © — CT be a proper conformal mapping.

The function ¢ on (R, c0) is defined in the following way:

(7.1) $(§) = max Re y(Q).

ec=¢
The function by, on (RT, 00) is defined as
by (&) = min Re ¢.

~ Rew(©=Rew(©)
Note that, by Remark 3.4.1,

P(by(8)) = Re $(8).

LEMMA 3.7.1. (preparatory estimate) Suppose that 2 is a connected and simply
connected domain that belongs to some quadratic standard domain and contains

(RT, 00). Suppose that

e () admits a proper conformal mapping v ont Cct;
e the derivative v’ is bounded away from 0 on (R, 00).

Let F' € FCreg(D) be a cochain of type (2.16) in 2, and the corresponding
partition is nice. Suppose that the following estimates hold:
19, The cochain F decreases faster than any exponent of Re :

(7.2) |F(&)] < exp(—ARe (€)) on (RT, 00)VA > 0.
Case I: the germ o1 is non almost linear.
2.19. Let

73) f 1= (exp )/ /Y — o0 on (R, o0).

Let f be any monotonically decreasing germs of functions on (RT,00) such that

f=f f/ .

Then for any small a, € there exists C such that

equ:pri| (7.4) [P (&)] < exp(—C f(b(§)Re 1(€)) on (RT,00),
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where b(&) = by ((1 — )f) —¢
Case II: the germ o1 is almost linear.
2.29. Let for any small § > 0,

(7.5) fs = (exp(1 — 8)p1)' /¢ — o0 on (RT, o0).

Let f5 be any monotonically decreasing germs of function on (R*,00) such that
fs < fs, fs / co. Then for any small a,e,§ there exists C' such that

(7.6) [F(&)] < exp(=C(f5(b(€) Re 1 (€)) on (R, 00).

IMPORTANT REMARK. Let F' correspond to a nice partition. Then, in Case I,
when o7 is not almost linear, the coboundary of F' satisfies the inequality:

(7.7) |0F| < exp(—Cexpp1 o Re );

in case II, when oy is almost linear:

(7.8) [0F| < exp(—exp(1 — §)p1 o Re).
This follows from the ordering of ¢; and from (2.14), (2.15).

Recall the properties of the proper map . The proper map v : @ — C*
extends to an e-neighborhood 2° of ) for some € > 0. Moreover,
19, For some a € (0, 3),
P(RF,00) C So = {¢||arg(| < a},

20. Re ¢/ /Re 1 > (1 + 0(1))/€ on (Rt oo)
39, For some ¢ > 0

(7.9) P(&) < e(§),
where 1 is defined by (7.1).

B. Sketch of the proof.

SKETCH. WLOG, we may assume that F is bounded. Take any & € (R, 00).
Let a € (RT,00) N, a < & Consider a domain

Q0 = {¢[Re ¥(¢) > Re ¢(a)}.

The mapping ¥ — Re 1(a) := 1, brings Q, conformally to C*. For arbitrary
a >0, A > 0 consider a cochain

Fyo=FexpA(Y —9(a))

in a domain §2¢.
By condition 1° of Lemma 3.7.1, the cochain F} , is bounded on (R, c0). On
the other hand, on 99,, Re ¥({) = Re 9(a). Hence,

|F\,o| = |F| on 08, and %1§X|F)\,a| <1

This allows us to apply the maximum modulo principle to Fy ,. (This application
should be justified). Denote by mqg(\,a) and I(\,a) the corresponding constants
from Lemma 3.5.1. For any & we will choose a = a(€) and A = A(a) in such a way
that in Lemma 3.5.1

2Ce Y (mo(N,a) + I(\,a)) < 1.

Then, by the maximum modulo principle (Lemma 3.6.1)

[F.al <210 Qq, [F(§)] < 2exp(=ARe (4(£) — ¢(a))).
Choosing appropriate a = a(§) and A = A\(a), we will obtain Lemma 3.7.1.
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C. Proof of the lemma in case I.. By (7.7),

10F),a(€)| < exp(—Cexp(p1(§) + ARe (¥(C) — ¥(a))).
By the property (7.9), (7.1) of the proper map, we have Re ¥(¢) < cy(§). By(7.1),

0F) o ()] < exp(=Cexp(p1(§) + ARe (4(€) — 1(a))) := mx,a(C)-

Let us estimate mg(A, a) and I(\, a) from above. Recall that a is real, and that
by(a) = MiNR ey )~Rew (a) Re((), see Section 3.3. Then, as the total slope of 9=

does not exceed C¢*, by Definition 3.2.3, we have:

eqn:in 7.10 I\ a) < OOC Ymra(6), b=10 —e.
(7.10) (o) < [ Cretma @), b= bola) —¢
Denote the integrand above by m . Then
logm (€) = Cay+4log E—(exp p1(&)+A((£)—Re (a))), (logm™) = o(1)—(C exp p1)'+\).

We will choose A in such a way that (logm™)" < —1 on [b,00). Then I(\ a) <
m™*(b), to be estimated later. Take

b= bw(a) — &

as in (7.10), and
C -

A= §f(b).

Then for £ > b,
m/, C - ~ C - C -
Tmt (&) <o(1) = Cf(&) + 5 f(b) < 0(1) = Cf(€) + 5 f(b) < =5 f(b) — —o00
For a, hence b, large enough, and for £ > b, we have:
i L Mg

= &) < =
P'my infp o)y’ Mt
The inf; ) ' exists because ¢’ is bounded away from 0 on (R*, 00). Hence,
I\ a) <my(b).
By definition,

(T11)  ma(b) = Cib* exp(=Cexp pr (b)) - exp ARe (3(5) — v(a)).
By Remark 3.4.1, :
¥(by(a)) = Re ¢(a).
But 7 is monotonic. As b < by(a), the exponent in the last factor of (7.11) is
negative, and the factor itself is smaller than one. The second factor tends to zero
as b — oo faster than any exponent by the definition of admissible germs. Hence,
m4(b) — 0 as b — co. Choosing b sufficiently large, we obtain: m (b) < % Same
arguments show that mg(),a) < § for a large enough. Then by maximum modulo
principle,
[F(&)] < 2exp(—=ARe (4(£) — (a))).
Now, fix real £ and take § so small that
)
Re (4(6) = ¥ (1= 8)€)) = SRe w(€).
Such a ¢ exists for £ large enough, see Property II of Section 3.3. Take
a=a(§) =(1-0)¢
Recall that A = C"f(b), b= by(a) — € := b(€). Then

(712)  |F(©)] < 2exp(-AJRe ¥(€)) = 2exp(~CF(H(E)Re w(€).

This proves (7.4), hence, Lemma 3.7.1 in Case L.
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D. Proof of the lemma in case II. In case II, only slight changes are
needed. Namely, (7.7) is replaced by (7.8). The estimate (3.1) remains almost the
same; but now f is replaced by fs:

[F(€)] =< 2exp(=Cf5(b(€))Re (£)).
This is the desired estimate (7.6). O

E. How to apply Lemma 3.7.1: sketch of the proof of Lemma 3.3.1.
Lemma 3.3.1 is proved with the help of Lemma 3.7.1 in a slightly different way in
the following three cases:

e 10, F is defined in a standard domain, and the germ o7 is fast;
e 20, F is defined in Qs 1 and the germ oy, is not fast;
e 30, F is defined in Qy j and the germ oy, is fast;

In the cases 2° and 3° the application of Lemma 3.7.1 goes through the following
steps.

1. Constructing a domain Q C Q4 , see (3.2) for which a proper map ¢ : Q —
C* \ K will be constructed.

2. Constructing a conformal map 9 : @ — C*\ K and proving that ) is proper.

3. Checking that 1/;’ is bounded away from 0.

4. Checking that the induction assumption (3.3) or (3.4) implies the hypothe-
sis (7.2) of the lemma. For this it is sufficient to check that

exp Pk

(7.13) Re 0 — 0o on (R*) 00),
in case when oy, is fast, and
1-9§
(7.14) eXp(Rew)pk — oo on (R, 00),

for some 0 > 0, in case when oy, is sectorial or slow.

This relation is called Effectiveness of the preliminary estimate (it is needed
for the induction step).

5. Checking the requirement (7.3) or (7.5) of Lemma 3.7.1.

At this point Lemma 3.7.1 may be applied. But its output is yet insufficient.

6. Improving the output of Lemma 3.7.1 and deducing the preliminary esti-
mate (3.5) or (3.6) from (7.4) or (7.6).

In the case 1° steps 1—4 are simplified. The domain € needs not to be modified.
The map ¢ : Q — C from the definition of a standard domain is the desired one.
Steps 3 and 4 for this maps are easy consequences of Section 3.3.

Case 1° is treated in Section 3.8, case 2° in 3.9, case 3° in 3.10 and 3.11.

The application of Lemma 3.3.1 ends up by the proof of the estimate (3.5)
or (3.6) for k+1 = N, depending on whether or not the germ o, is fast. After that
we will use the classical Phragmen-Lindelof theorem to prove that Fiy) = 0; recall
that F(y) is a holomorphic function in its domain Qs n. To conclude the proof
of the Phragmen-Lindelof theorem , it remains to prove Proposition 3.3.1. This is
done at the end of the chapter.

§ 3.8. A preliminary estimate of cochains given in a standard domain.

Here we prove Preliminary Estimate I, (3.5). Our goal is to apply Lemma 3.7.1.
Without loss of generality, we assume that the germ o1 in (2.1) is fast: 7+ — 1

on (RT,00). Hence, Lemma 3.7.1 will be applied in the first case. We justify its
hypothesis by the use of the plan above.
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A. Domain 2 and a proper map . Both ) and ¥ are already given:
1 is the standard domain in which the cochain F' is defined, and ¢ : Q@ — C*
is a conformal mapping mentioned in the definition of the standard domain. By
Proposition 77, the map 1 is proper. Moreover, by definition of standard domains,

' =1+o0(1) in Q.
By proposition 3.9.3 below,
V(&) ='(0)
for some ¢ such that Re ¢ = &. Hence, ¢’ is bounded away from 0 on (RT,00).

This completes the first three steps in the plan above in Case 1.
Step 4 is replaced by the following argument. By assumption,

[F'(§)] < exp(=Ag) on (RT, 00)
for any A > 0. This implies
[F'(§)] < exp(=ARe ¢(£)) on (R, 00)
for any A > 0, because Re 9(&) = (1 + o(1))¢ by definition of standard domains.

B. Function f. Let us turn to item 5 in the plan above, and prove that

f = (exp )/ — o0 on (R*, 0).
By assumption, the germ o4 is fast. Hence, L(o1) = 1. Then, by (2.5),

¢ —Ino; — o0 on (RT, 00).

Therefore,
® :=p;oln—¢ — oo on (RT, 00).
Then,
expp = A7 (id + ®),
(expp1) = (1+ ® oln)expoPoln.

Assumption L(c) = 1 is equivalent to ® — 0 on (RT,c0). Then

(exp p1)’ — oo on (RT, c0).

On the other hand, ¥/ — 1 on (RT,00). Hence f — oo on (R, 00) as required.

Now, all the assumptions of Lemma 3.7.1 are checked, and we can apply the
lemma. In what follows, we will write explicitly the functions f, f =< f, f /" 00,
and complete the proof of the preliminary estimate (3.1).

C. The output of Lemma 3.7.1: function f As was mentioned above, we
are in the conditions of the first case of the lemma. Hence, the output is the estimate
(7.4). We shall now provide an explicit formula for a function f /oo, f<fin
this estimate. Note first that

f=(expp1) (1+0(1))=(1+® oln)expo®oln = (1+0(1))expo®oln.
Let
~ 1
f= Eexpofboln.

Then obviously, f =< f. Moreover,

f=-f(14+® o) 0.

NN

Hence, f /" 00 as required.
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D. The output of lemma 3.7.1: Preliminary Estimate I.. By
Lemma 3.7.1, on (R, 00):

[F(&)] < exp(—f(b(£))Re 1(S))-
Recall that b(&) = ¢£ for some ¢ > 0. By monotonicity of f we conclude:

[F(E)] < (=f(c€)Re 9(£)).

Taking in account that ® — 0 on (R*,c0), we have:

F(e€) =  expotoln(ct) = 5 expodoiné+ine) = (5-+o(1))F(€) = (5+o(1) T2,

But ¢(§) = £(1 4+ o(1)). Hence,

[F(€)] = exp(— +o(1)) exppa(€) < exp(~Cexp pr(€))

as required.
This completes the proof of Preliminary estimate I.

§ 3.9. Preliminary estimates for realizations whose domains correspond
to sectorial and slow germs.

sec:slow

A. Sketch of the induction step. Here we prove Lemma 3.3.1 II in case
when oy, is a sectorial or slow germ. So we are in the last part of the induction
process described in Section 3.3.

It is easier to proceed first the last part of the induction process, and then
switch to the first part. The ideas in both parts are the same, and the proofs follow
the same plan. But technically, the last part is reasonably simpler than the first
one. On the other hand, the proof of the last part provides a sample for the proof
of the first one.

In what follows, we replace notations o, 0441 in Lemma 3.3 by o and opext,
and Fiy) by F'. So, the induction assumption is the following (note that o is non-fast
and p = o~ 1): for any § > 0, on (RT, 00)

eqn:ind| (9.1) |F(€)] < exp(—Cexp(1 —d)p(£)).
We have to prove that for any § > 0, on (R, c0)

(9.2) [F(&)] < exp(~Cexp(l - 8) ppext (€))-
[eqn:omegap|

The cochain F' is defined in a domain

(03) @ = Tl 0
where ()t is a standard domain of class €2.
We now turn to the detailed presentation.

B. Construction of the domain ),. Here we construct a domain €, that
belongs to the domain (9.3), in which therefore, the cochain F' is well defined, and
that admits a proper map v : Q, — C™T.

For any a,b € R let II, ; be a half-strip

€ (a,b), £ > C for some C > 0.

Below we construct a half-strip Il,, C Il ,;, such that oll,, C g, and the
width of 11, is larger than .
If the germ o is slow, then

o(I1, 00) C (87, 00),

and any strip 11, C II of width larger than  is sufficient.

main
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If the germ o is sectorial, and L(c) = pu € (0,1), then we take QQQ ne spravi-

las’, uvy!
1
(9.4) 7g<a<0<b<%,7r<bfaforu25;
s 1
(9.5) —5<a<0<b<7r,7r<b—aforu<§.

Note that in this case

o=expG,G" — pin (I, 00).
Hence,

G(Igp,00) C (Wpg—e pbtes )
for any € > 0 such that pa —e > —7/2, ub+e < 7/2. Then

o(Hap, 00) C (Sp, 00)
for some 6 € (0,7/2). The domain
ollgp = Qs
is the desired one.
C. A proper mapping v : Q, — CT.. Consider an affine map
B:(—al+if, 0<a<l1, BeR

that brings I, to II = {|n| < §, £ > C'}.
Ifa=-7, b:%,andﬂ(%—&—ﬁ)a:m then o =

(9.6) ap~t > 1,

because p < 1.
We chose (a, b) such that a+ 5 > 0, 57 —b > 0 are small, and the relation (9.6)
persists. Let

(9.7) ¥ =expoBop=wexpoap, w=-e".

This map brings 2, to a complement of C* to some compact set:
$(,) = CH\ K.

2p
m, and

This is the desired map.
D. Proof of the properness.

PROPOSITION 3.9.1. The map ¢ (9.7), (11.8) constructed in the previous sub-

section 1S proper.
D.1. Assumptions 1°,29 of properness.
Proor. 1°. We have for £ € (R*, o0):

(9.8) arg ) (€) = arg e’ - exp ap(€) = 5.

Hence, (R, 00) C (891 00) for any & > 0.

20,
¢Re ¢/ /Re ¢ > (1+0(1)) on (RT, 00).
Indeed,
V'Y =ap.
Hence,
v’ : )
A 1 )
@ T e
But on (RT, 00),
o’ oo P 1
- O pH= — iy —= — i, € |0,1).
o C p/C [ )
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For sectorial germs, u # 0, and

/
W alp — apt > 1.

(3

For slow germs, u = 0, and

S = alp — oo on (RT,00).

G
This proves requirement 2°.

Requirement 3 is proved below in several steps.
D.2. The first distortion estimate.

P(C(8))

PROPOSITION 3.9.2. Let ¢ be the same as in (9.7). Then the ratio | s

bounded, and bounded away from 0 on (R™, co).

OF PROPOSITION 3.9.2. Fix £. Let I be a segment 2, N{Re ¢ = £}. Consider
the curve pI' C I1, ;. We have: |argo’| is bounded away from 5 inIl, 5. For o slow
this follows from (??). For o sectorial this follows from the choice of II, ;. Indeed,

largo’| = |argexpoG - (G| = [Im G| + arg(G™)' = (s + o(L))n + o(1):
But [un| <  in I, by (9.4). Hence, there exists 7 < 7 such that
largo’| < v in (g, 00).
As T is vertical, the curve pI" belongs to a cone
(9.9) Ke : |arg(se— p(€)) = 5| < 7, 2 € Ly

Now let ((£) € I' be the point where the maximum (9.10) is attained. Then
p(¢(§)) € K¢. Hence,

[Re p(¢(£)) = p(&)| < (b—a)tany := C.

Therefore,
R[] .
in [ afme p(e(e) - ple) <ac:
As (&) = Re 9(C(€)) < |1(¢(€))], this proves the proposition. O

D.3. Assumption 3° of properness. We can now complete the proof of proper-
ness of v, that is, justify Assumption 3°: there exists C such that

()

Indeed,

b (€) _ Re9(C(€)) _ Rev(¢(§)) [9(CE) [¢(&)]
Re ¢(§)  Re(S) W@ (@) Rewy(§)
The first ratio is bounded by 1; the second one is bounded by Proposition 3.9.2,

the third one is bounded because arg 1 (§) = 3, || < T, see (9.8).
This checks assumption 3° and completes the proof of properness of 1.

E. The derivative ¢ is bounded from 0 on (R*,c0).

143
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E.1. Realness of the derivative e

PROPOSITION 3.9.3. Let 1) be a conformal mapping of a domain Q, to CT\ K,

and ((€) be any point of the set of those ( for which

Re ¢(¢(€)) = (8.
Then R
V(&) = ¥'(¢(9)).

In particular, the derivative in the right hand side is real.

PRrROOF. Recall that

(9.10) $(€) = max Re ¢(¢).
Re ¢=¢
Hence, at (&) the level set Re ¢ = Re ¥({(§)) has a vertical tangent line. There-
fore, the derivative ¢'(¢(€)) is real. Note that, by definition, Re ((§) = €. Let

C(§+h) =C(&) + h+iB(h).

Then
J(6) = (e o = - (Re B(CE)HhHB)nco = - Re (#(C(E) 1+ () = ¥/(C(E))
because ¢’(¢()) is real. O

E.2. Some estimates on the argument.

PROPOSITION 3.9.4. There exists 6 = §(u) such that
(9.11) arg’ oo # 0

in the domain U = {|n = Im € [a,a + ] U[b—4,b]}.
REMARK 3.9.1. §(u) — 0 as p— 1.
PROOF. Let us calculate the argument in (9.11). By (9.7),
Y = (waexpoap)p/,
P oo()=waexpa-p oo() =waexpa- o0
Hence, for = Im
argy’ oo — f+1Im a —argo’() = an + 8 — un + o(1).
By definition of a, >, this equation has no solutions in the domain U; this follows
from the relation
(an+b)[a,b] = |-5.3|-
This implication is illustrated on figure 3. ([

E.3. Second distortion estimate.

PROPOSITION 3.9.5. Let ¥, & and (§) be the same as above. Then the ratio
‘W(C () ‘
P'(€)

is bounded away from 0 and co.
PRrROOF. By definitionj p(€) € (RT,00). By Proposition 3.11.3,
Imp(C(€)) € [a+e,b ).
Consider a cone &, see (9.9). and an intersection:
K¢ =KeNayep.
Let R¢ be any rectangle of the form:
Re € [¢,d], € [a,b],
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FIGURE 3. Some estimates on the argument

where ¢ and d are so chosen that K C R¢. Then ICEJ is a compact subset of R,

whose distance to the boundary of R is positive.
O

- T X
B By Sl
§ kY 0 PE R

\ a

IS

F1GURE 4. Application of the Koebe distortion theorem

We want to apply the Koebe distortion theorem to estimate the ratio i:—gg for

¢ =¢(§). We have:

o' (p(§)) ‘

‘w(C)' o' (p(Q)) |

¥(&)

A€
p’(f)‘ =¢
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The points p(€), p(¢) belong to K,? C R¢. By the Koebe distortion theorem,

In | Z:EZ 28“ is bounded because ¢ is a conformal mapping in R¢. The bound does

not depend on &, because the family of domains R, K g is translation invariant.

‘w ©)

Hence, the function In is bounded.

¥’ (€)
By Proposition 3.9.3, ¢'((¢)) = 1&’({) This implies Proposition 3.9.2. O O
E.4. Boundedness away from zero of the derivative 1'.

PROPOSITION 3.9.6. For the map (9.7), the derivative ¢’ is bounded away from
0 on (R*,00).

PROOF. Let, as before, ¢ = expoG~!, lim(G~!) = p € [0,1). Then, on
(R, 00),

(9.12) p=0ct=Goln, G'=p"+o(1), G=(u"+o0(1)C
for € (0,1);
(9.13) G =M, G~ MEYM >0

for 4 = 0. We have,
¥ = wexpoap = wexpoaG oln = w(A71G)".

Hence,

In case p € (0,1),
G/ - /4L71, IG Cp, +o(1 ( 1G) _ Cap,_lJro(l).
Hence,
(A7'a)”
¢

because ap~! > 1. This implies the proposition for sectorial germs.
In case u = 0, A71G grows faster than any power, and G’ — oo on (RT, 00).
This implies the proposition for slow germs. (I

— o0 on (R, 00),

E.5. Boundedness away from zero of the derivative 1&’.

PROPOSITION 3.9.7. For the map (9.7), the derivative Y’ is bounded away from
0 on (R*,00).

PRrOOF. By Proposition 3.9.6, 1)’ is bounded away from zero on (R™, 00). More-
over, the function In |/’ /9’| is bounded on (RT, 00) by Proposition 3.9.2. O

F. Effectiveness of the preliminary estimate. Now we have to check re-
lation (7.14) for py replaced by p.

PROPOSITION 3.9.8. If o is a sectorial or a slow germ, and ¢ is as in (9.7),
then for small § > 0,

exp(1 —6)p/Re ¢ — 00 on (RT,00), p=0"".
PROOF. Let G~ =logo. Then (G71) — p € [0,1) on (R, 00), because o is
sectorial or slow. We have:
Y =wexpap=wexpaGoln =w(A71G)", a< 1.
On the other hand,
exp(1—8)p=(A7'G)' ™"
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Hence, on (RT, 00),
1 1-6—a
1-6 =_—— (A1
exp(l—D)p/Re v = = —(476) "~ oc,
for § < 1 — a, because G — oo together with p on (R, c0). O
G. Checking the requirements (7.3), (7.5). We have to check the require-
ment (7.3) in case when the germ oyext is not almost linear, and (7.5) when it

is. We will check (7.5) in both cases; in the first case, it implies (7.3). In the
corresponding formulas (7.3), (7.5), p1 should be replaced by ppext-

PROPOSITION 3.9.9. Let opert € D be a germ such that opert = 0, p =

oY Pnest = Uﬁéxt’ o be a sectorial or a slow germ. Then, for 6 > 0 small
enough,

(914) 5(6) = (exp(L = D)ppeqy) [0/ — o0 on (B, 0).
PRrOOF. By Proposition 3.9.5, we may replace in (9.14) ¥’ by Re Y’ /C for some
C > 0. We have:

(exp(1 — 5)Pnext)/ = (exp(1 — 5)Pnext)ﬂ£ext(1 —9)

"= (waexpap)p'.
Hence, on (RT, c0),

p/
(9.15) fs = (Cexp(1 = 6)(pnext — ap»n,%xta — ).

By assumption (2.8), we have:

/
eqn:deriv| (9.16) % =1+ o0(1).

As opext < 0, we have: ppext = p- Hence, for a < 1 — 4, the first factor in (9.15),
hence, the whole product, tends to infinity. ([l

Now, all the assumptions of Lemma 3.7.1 are justified, and the lemma is appli-
cable. It implies (7.4) or (7.6) in the case when opeyt is not or is almost linear.

sub:impl
H. Improving the output of Lemma 3.7.1. Consider first the case when
Opext 1 not almost linear. In the same way as (9.15), we get:

f = Cexp(ppext — ap) = f
Let us prove that f thus defined is monotonic. We have:

F'= Fhext — ') = Fo' (RS ) = [/ (14 o(1) — ) > 0

because a < 1.

This completes the choice of f .

In what follows, we will use advantages of two situations that are in a sense
complementary to each other.

If ) is growing faster than any power, that is, f%i Z’i — 00 on (R*, c0), then

b(&) = (1 —0)¢ for any § > 0. This follows from Property IV of proper maps and
allows us to deduce (3.6) from (7.4).

If p is decreasing faster than any power: %’/ — 0 on (RT,00), then for any
9 >0,

p(c§) = (1= 6)p(8).

This follows from Proposition 3.4.2 and allows us to deduce (3.6) from (7.4).

We will use a universal constant C' in the estimates below, and replace 2C, e
by C again, because the value of C' > 0 is irrelevant.

C
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Case 1. Both germs o and opeyt are sectorial. In this case, let

G ! = Ino, Gﬁéxt = Inopeyt - By assumption, the limits limp+ o) G =

wt, lim g+ o0) G/next = “I;elzxt exist and are positive, 0 < ppext < p < 1. More-

over, p = G oln, ppext = Gpext ©In. Then

F(b(&) = C expppext (c€) — ap(c)).
But
Pnext(ca =Go(In+1Inc) » Gpextoln§—C = Pnext(g) -C.

In the same way, for some C > 0,

p(c§) = p(§) — C.

Therefore,
Fb(9) = CF(&).
Now,
Re §(§) = Cexpap(§).
Hence,

JOE)Re (&) = Cexplppext () — (@ = a)p(§)) = C exp ppext (€)-
Therefore, by (7.4),

[F(&)] < exp(=C exp ppext (€))-

This is the desired estimate (3.5) (obtained here instead of (3.6)).
Case 2. Both germs o and oyyext are slow. In this case p and pp eyt are growing
fast. Fast growth of p implies that of ¢. Namely, the following holds

PROPOSITION 3.9.10. Let %/ — 0 on (RT,00), ¥ =wexpap + o(1), see (9.7),

11.8). Then &2 — oo on RT,00).
¥

PROOF. The proof is immediate. We have:

!

— = (log¥))" = ap’ + o(1).

(
Moreover
.0 . dop .
lim — = lim = lim =
(Rt,00) 0 (Rt,00) 0Op  (Rt,00) p' &
Hence,
/
lim p'¢é = lim %:oo.
(RF,00) (RF,00) ¥

(]

By Property IV of proper maps, Proposition 3.9.10 implies that b(§) =

by (a(€)) — & = (1+o(1))a(€) = (1 — 6+ o(1))e.
This implies that

(9.17) F(0(€)) = Cexp(((1 — 8)pnext — ap)(€)).
This implies:
(9-18) [F()] < exp(~Cexp(l — 8) pext (€)),
just as in the previous case.

REMARK 3.9.2. The arguments above are the same in cases yu = 0 and p # 0.
Moreover, they are applicable in case where o or opext are almost linear.
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§ 3.10. THE WARSCHAWSKI FORMULA AND COROLLARIES OF IT.

Case 3. The germ ppext is slow, and p is sectorial.

In this case the estimate b(§) > ¢£ can not be improved, and the arguments of
Case I are applicable to p, but not to ppext. In this case we use the following trick.
By the arguments of Case I,

exp p(b(§)) = Cexp p(§).

Moreover, we may add a fictions germ ooyt between a sectorial and an almost
power germ such that

/
$Pnext — 0 on (R, 00).
Pnext
Hence,

Pnext (¢§) = (1 + o(1))ppext (§)-

This is proved in the same way as Proposition 2 of 3.3. Therefore, in Case III, the
estimate (9.17) still holds. This implies (9.18) as before. The preliminary estimate
for the sectorial or slow germ o is proved.

We now switch to the remaining case when the germ o is fast.

§ 3.10. The Warschawski formula and corollaries of it.
We formulate a theorem of Warschawski [?]. Consider a curvilinear strip S:

7-(€) <n<7y4(§), —oo<E< o0,

Let 0 =54 —7_, ¥ = (+ +7-)/2. The slope of the boundary of the strip is equal
to zero at infinity if

Y (u1) — Y (u2)
Up — U2

— 0 as up,uzs — 00, ur < Us.

THEOREM. Suppose that the strip S described above has zero slope of the bound-
ary at infinity, and the derivatives 5, and 7' are continuous and have bounded
variation in a neighborhood of +0o. Assume that the integral [ 6"*/0 converges; in
view here and below are convergence of the integral at 400 and convergence to zero
at +o00. Then a function ® mapping S onto the right strip |n| < m/2 has the form

1 / _
<I>(():)\+7T/ 1+9¢2+m” ;”(5)+o(1), AER.

0

DEFINITION 3.10.1. A half-strip of type W is a half-strip of the form

My ={¢:62a>0 ne[-Z+7-(©).5 @]}

where a is some positive constant, and v_ and v, are differentiate functions tend-
ing to zero together with their first derivatives as £ — oo, with the convergence
monotone from some point on. The functions v, and «_ are called the boundary
functions of the half-strip of type W.

We apply the Warschawski theorem to the investigation of conformal mappings
of half-strips of type W. A conformal mapping of a half-strip of type W onto
the part of the right half-strip |n| < 7/2 outside some compact set is said to be
rectifying. The boundary functions 4 and - can be extended to functions that
are C''-smooth on the whole axis and identically equal to zero on the negative
semi-axis. Denote the extended functions by the same symbols. For the resulting
strip [y+| = 7/2 — v1. We get from the conditions v, — 0 as £ — 0 that a
half-strip of type W has zero slope at infinity. The monotonicity of the derivatives
v+ and the conditions 4/, — 0 imply that they are of bounded variation. Further,
0 =7m— (y4++7-) and @ = —(7 ++_). We prove that the integral [6/60
always converges for half-strips of type W. Indeed, 6 is bounded from above and
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is bounded away from zero; therefore, the convergence of the preceding integral is
equivalent to the convergence of the integral f 62, Furthermore,

/9’2 <max\9'|/|9’| §max|9’|/|’yl,|+|vﬁr|.

The last integral converges because the functions v+ are monotone and the deriv-
ative 0’ is bounded. Accordingly, we have

COROLLARY 3.10.1. For an arbitrary half-strip of type W there exists a recti-
fying mapping, which is described by the Warschawski formula.

We simplify the Warschawski formula for half-strips of type W. Note that
[ 1"*/6 converges; this can be proved just like the convergence of [ 6"2/6. Therefore,
[4"?/0 = C + o(1), C > 0. Further, ¥(§) = —(y— +74)/2 — 0 as £ — oo.
Therefore, 1/0 = o(1). Finally,

~—

== tye) T = ()
We get Corollary 2 from this.

7T 14 7+ + -

=3

COROLLARY 3.10.2. For any half-strip of type W there exists a rectifying map-
ping of the form

R o

g ™= (0 +7-)
REMARK. The integral on the right-hand side converges or diverges simultane-
ously with the integral [(y4 +~-) if v+ > 0 and y_ > 0.

() =C+ +A+o(l), AeR.

COROLLARY 3.10.3. A half-strip of type W admits a rectifying mapping with
bounded correction if and only if the integral [(v4 +~—) converges.

PROOF. Suppose that f(v4 + v—) converges. Then the boundedness of the
correction of a rectifying mapping follows from Corollary 3.10.2.

We prove that if one rectifying mapping of a half-strip of type W has bounded
correction, then all rectifying mappings of this half-strip have the same property.
Indeed, suppose that ® and ®; are two rectifying mappings, and let ® have a
bounded correction. The composition H = ®; 0o ®~! carries the part of a right half-
strip outside some compact set into the part of the same half-strip outside some
other compact set. By the symmetry principle, the correction of this composition
is 2mi-periodic, and hence differs from a constant by an exponentially decreasing
function. Therefore, the mapping ®; = H o ¢ has bounded correction, being the
composition of two mappings with the same property.

If now the integral f (74 + v-) diverges, then the original half-strip admits a
rectifying mapping with unbounded correction, and by what has been proved, it
does not admit a rectifying mapping with bounded correction. ([

§ 3.11. A preliminary estimate for cochains given in domains
corresponding to fast germs.

In this section the preliminary estimate II is proved for a cochain F defined in
a domain
O = o5, Nty Dt € R,
in assumption that F' satisfies the estimate
[F| < exp(—C'expp),

the germ o is fast, and the germ oy oyt is either fast or sectorial. Recall that the
latter assumption implies:

(11.1) oc=expG!, G’ — 1in (I",00),
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(11.2) Opext =expGrl Gl — p € [1,00) in (TIV, 00).

!
next’ —'next

We also suppose that o and oy eyt are not weakly equivalent. This implies that
(11.3) (011, 00) D (opextIl, 00).

A. Construction of the domain €2,. Note that in the previous section the

germ ¢ had the form
o =exp(p+o(1))¢, p e (0,1)
in the sectorial case, or even
o = exp(o(1)¢)

in the slow case. The difference with a non-essential germ exp( (that brings II
and II, in a standard domain) was seen in the first asymptotic term. Now o =
exp(1 + o(1))¢; the first asymptotic term is the same as for a non-essential germ.
Hence, our construction of 2, should be more delicate than in the previous section.

LEmMMA 3.11.1. For any fast germ o and any standard domain g € 2 there

exists a domain (), with the following properties:
10,

(11.4) Q, CQ =0l im0 Qs
20, There exists a proper map ¢ : Qy — CT.

PROOF. The proof occupies this and the next subsection, and is completed in
subsections G, H.
Let G be the same as in (11.1). Consider a half-strip

11 = GIL
By assumptions of (2.9), this is a half-strip of class W of the form
~ ) ™ ™
(11.5) G =1 ={E+m)=za nel[-5+7 5=}

This half-strip is symmetric with respect to the real axis, because G is real on R.
By assumption (2.5),

G —id / o on (RT,00).
By Corollary 3 of Section 3.10, this implies that [~ diverges:

(11.6) /7 ~ .

Consider a half-stripe II; with boundary functions yv_ = v, v4 = 3. Obviously,
II; O II. Denote by Q, the domain
(11.7) Q, = expll;.

Even the property (11.4) is not obvious for €, thus defined. It follows from the
property (2.12) of the germs of class D. These properties imply (11.4).

B. Construction of the conformal mapping ¢ : Q, — CT \ K. Let us
first construct a rectifying map ¢ : II; — II. By Corollary 2 of Section 3.10 it has
the form:

3
(11.8) @:id+gp,<p=—/ T 4 XA+ o(1),
where A is an arbitrary real constant. Take
(11.9) h=A"1® =expodoln.

This map is conformal and brings 2, to CT \ K for some compact set K. Indeed,
In maps €, to Iy, ® brings I1; to II, exp brings IT to C* \ K. The construction of
1) is over.
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lem:prop LEMMA 3.11.2. The map 1 constructed above is proper. The function 1/;' 18

bounded away from zero; the function |In Rlcf}/w'l is bounded on (RT,00).

This is the most technical part of our proof. It is postponed until the end of
the section. Obviously, this Lemma completes the proof of Lemma 3.11.1, and the
first three steps of the plan from subsection E of Section 3.7. (]

C. Effectiveness of the preliminary estimate. Let us complete the forth
step of the same plan.
We need to prove that

(11.10) :;pg — o0 on (R, 00).
This is an immediate consequence of the definition and the Warschawski theorem.
Indeed,
2
(11.11) expp=AT'G, G=C+1a() + A+ o(l), I = - _727.
37
(11.12) Re = A7'®, & = C + Lp(¢) + A+ o(1), T = —20—.
Hence,
exp p
(11.13) Re 0 =exp(G—®)oln > Cexpo(lg —Is)oln — oo,

because
1-9
Ig—1p = — Yy — OoQ.
2w
This proves the effectiveness of the preliminary estimate, see (7.14).

D. Boundlessness of function f. According to the item 5 of the plan from
Section E, we need to prove:

prop:bless PRroOPOSITION 3.11.1. The function f tends to infinity:
eqn:fnf | (11.14) f = (exp ppext)’ /U — 00 on (R, 00).
PROOF. By Lemma 3.11.2, we can replace the denominator ¢ by Re v':
eqn:fnf1| (11.15) [ = C(exp ppext) /Re ¥ := Cfo.
The function exp ppext has the form similar to (11.11) with G replaced by Gyext -

I_léxt' We have: L(oypext) = i € (0,1]. Hence,

— pu~1 € [1,00). Moreover, exp oppext = A~ Gpext- Hence,

In more detail, let opeyt = expoG
/
Gnext

exp oGpext © In . G pext ©1n

fo=

Let us first investigate the second factor, and prove that it has a positive limit.
By (11.12), @ — 1 on (R*,00), as v — 0. In case, when oyt is sectorial,
G'next — 1 € (1,00). In case, when opeyxt is fast, G .t — 1. In both cases

expo® oln ®’ oln

G'pext ©In +

W — W S [1,00) on (R ,OO).
Hence,

eqn:fnfz| (11.16)

fo = Cexpo(Gpext — P)oln = Cexpo(G —®)oln > C'expo(lg — Ip) o In — oo,

by (11.13) and because Gpext > G. This proves Proposition 3.11.1. O
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E. Preliminary estimate in case when oot is fast. All the assumptions
of Lemma 3.7.1 are now checked. We can therefore apply this lemma. The conclu-
sion of the lemma deals with a function f /o0, f < f, where f is from (11.14).
We will now give an exphclt formula for f in case when Onext is fast. In this
case Opext = €Xp OGnext’ and Gpext may be described as G above. Namely,
Ghext (IT) := I ext is a strip of Warschauski type. In particular,

. T
(11.17) Grext(IT) = {§ +inl|n| < 5 Text }r Mext N\ 0, /7next /00,

Moreover,

2y
(11.18) Ghext = ¢+ Inext(§) + A+ 0(1), I'pext = ;liem'
T~ “Ynext
Take
(11.19) f(&) = Cexpo(lyext — Ia) o In

for C' > 0 small. Then in (11.14) F > f, > expo(Gpext — ®) o In, see (11.16).
By (11.12) and (11.18),

Gnext — @ =Ihext — I + 0(1)-

hence, for C small enough, f < f as required. To prove monotonicity of f, we need
the requirement: o and opeyt are not weakly equivalent.

PROPOSITION 3.11.2. If two fast germs 0 = expoG~! and 0y pyt = €xp OGneJ;t

are not weakly equivalent, then vypept = v. Here v and vpeq are the same as
n (11.5) and (11.17).

This proposition is proved below. It implies that f is monotonic on (RT,00).
Indeed,

C
(lnf) 5( next — 1s) o In,

3 v 1
I ot — Il —2—Jmext 2 = (— — &)y = 0.
next ~ 1o T 2yext | 27 — %7 (27r ol

This proves monotonicity of f modulo Proposition 3.11.2.

OF PROPOSITION 3.11.2. . By assumption, opext is not weakly equivalent to
0. As 0 > opext, this implies (11.3). By (11.1) and (11.2), this implies

(G(IT), 00) C (Gpext (IT), 00).
Hence,
(11.20) Y = Ynext-
O This completes the proof of monotonicity of f .
Having the function f explicitly written, we may apply Lemma 3.7.1 and get:
(11.21) |[F(€)] < exp(—f(B(€)Re 1(€)).

Note that b(§) = ¢, Inb(§) > In&+1Inc. Moreover, I'joxt — 0,15 — 0 on (R, 00).
The arguments of Case 1 in H imply: f(b(€)) = Cf(£). Moreover, on (R, 00),

Re ¢ = (C' + 0o(1))¢ expolp o In
€XP Pnext = (C'+o(1))§ expolpext o In
f=Cexp(Inext — lo) oln.
Hence, on (R, co)
fRe ¢ = (C +o(1))€exp olpext o In = C” exp ppext -

Therefore, R
[F(§)] < exp(=Cf(§)Re ¥(€)) < exp(—C" exp ppext;
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as required. This proves preliminary estimate II when oy eyt is fast.

F. Preliminary estimate in case when ooyt is sectorial. Once again,

we need to give an explicit expression for a function f " oo, f < f, f is
from (11.14). By (11.15) and the first inequality in (11.16), we get:

[ fo - expo(Gpext — P)oln.
This time, the main terms in the asymptotic of Gpext and ® are different:
Ghext(§) = (n+0(1)§, &= (1+0(1)§ p>1.
Hence, for any § > 0,
Ghext — @ = (n—1-10)¢
Fix an arbitrary § > 0 and take

fe=¢1°
Then ~ R
f(c§) = Cf(S).
We have:
Re ¢)(€) = A7'e(¢) = ¢+0
€Xp Pnext(f) = AilGnext(g) = §H+o(1)
exp(l — 0)ppext = ‘5(1_6)H+0(1)~
Moreover,

F(©Re (&) = er=0H0W) o ¢(=toll) = exp o(1 — §) prext.

because ;1 > 1. Hence, Lemma 3.7.1 provides this estimate:

|F(€)] < exp(=Cf(€)Re W(€)) < expo(l — 6)pyext)

as desired. This proves Preliminary estimate II in case “fast-sectorial”, when o is
fast, and opext is sectorial.

G. Properness of the map .

LEMMA 3.11.3. Let ¢ be the map (11.8), (9.7), (??). Then
19, 4 is proper

20. 9" is bounded away from zero on (R, 00).

30, The function In Rlcf}/zp' is bounded on (RT,00).

This lemma is proved in the next two subsections.

PROOF. Step 1. Let us deduce 2° from 3°. For this let us prove that Re 1’
bounded away from 0 on (R, 00). Indeed, by (11.8), on (RT, c0)

® =id+ ¢, Re p— +oo, ¢ — 0, ¢ — 0.

By (9.7),

h=A"1® = Cexpopoln.
Hence,
(11.22) ' = (expopolIn)(l + ¢ oln),

Re ¢/ = (cosp o In)(expoRe ¢ oln)(1+ o(1)) — oo on (RT, 0).Now,
20 follows from 3°.
Step 2. Let us prove the first two requirements in the definition of proper
maps for 1.
1°. In the notations above, on (R*, o)

argy(§) =Im polné — 0.

Hence,

»((RF,00)) C (87, 00).
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This checks the first requirement.
20, By (11.22),
!
% =(1+¢ oln) =(1+o0(1)).

This checks the second requirement.
To prove the third requirement of the definition of proper maps, and statement
30 of Lemma 3.11.3, we will need the following proposition.

ProrosITION 3.11.3. For the mapping ¥, from Lemma 3.11.3, the equation
argy)’ =0 gives a set lying in the sector S=_. : |arg(| < § — ¢ for some ¢ > 0.
This proposition is proved below.
3°. We have to prove that there exists a C > 0 such that
T def

¥(€) = max Ret(¢) < Cy(g).

This follows from Proposition 3.11.3.

In more detail, it follows from Proposition 3.9.3 that arg ' = 0 at the point
¢ = (&), where ¥(&) = Rey(¢). Consequently, by Proposition 3.11.3, { € S,
o =7/2 — ¢ for some € > 0. Moreover,

B(€) = eRe [C(expo Ton|c] +o(1))], ¢ >0
There is a C' > 0 such that in the sector S,
Il <CRe¢=0C¢ In|{|<&+InC,
Toln|{|=Toln&+o(1).

Consequently,

(&) < C"Y(8).

for some C’ > 0. This proves requirement 3°. O

It remains to prove Proposition 3.11.3. This is a consequence of a simple fact
in the theory of harmonic functions.

H. Proof of Proposition 3.11.3. We list the requirements on 1 that will
be used to derive Proposition 3.11.3:

¥ =A(id + o)
the function id + ¢ rectifies the half-strip II; with the boundary functions v, = %7
and y_ = 1.
The function v has the properties; see (2.10):
69" /71 = 2, 19"/~ < 3 on (RT, 00).

Moreover, Re p — oo and ¢’ — 0 in (II1,00). These and only these properties are
used in the proof of Proposition 3.11.3.
Let id — ¢: II — II; be the mapping inverse to id 4+ ¢. This implies that

37 (€~ Rep(e+i5)) =tm (e+15).

v(¢-Reg(6-i)) =-mmp(¢-iT),
2 2

PROPOSITION 3.11.1. For sufficiently small € and C' the function |(arg’)oexp|
exceeds CE=2 in the part U of the half-strip 11 outside the half-strip |n| < 7/2 —¢.

PROOF OF PROPOSITION 3.11.1. 1°. By the formula (11.22),

(arg ') o exp = Imp + arg(1 + ¢').
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The correction of the mapping id — @ = (id — )~! satisfies the equation ¢ =
@ o (id + ¢). In the half-strip IT; = (id + ¢)II the function arg’ o exp takes the
same values that the function

u Im @ — arg(1 — @)

takes in the half-strip II. It suffices to prove that |u| exceeds C£~2 in the “boundary”
half-strips |n] € (§ —¢, §) for some € > 0. This will imply Proposition 3.11.1, since
Im@ — 0 in (11, 00).

2°. We prove that on the boundary of II the function u takes the values
%% (I1+0(1)) and —v(140(1)) on the upper and lower rays, respectively. Consider
the upper ray. By the definition of %fy,

%y o (€~ Re@o (£ +i)) = tanarg(l — &(€ +iT)).

The derivative ¢’ exists on d1I, because the mapping id — ¢ extends analytically to
some neighborhood of the boundary of II. We note that if the logarithmic derivative
of the function f, which is of constant sign and tends to zero, exceeds —C&~1,
then |f| decreases no more rapidly than ¢~ and, moveover, f o (¢ - (1 +o(1))) =
(14 0(1)) - f(&). Indeed, for & > &

€ g1 c
If(f)l=|f(ffo)|e><p/g f(e)d6>|f(§0)|(§°) _

f(0) §

By formula (11.8), Re ¢ = o(1)¢. Hence, Re ¢ = o(1)¢. Consequently, by (??) and
the arguments above,

tmpo (£+4i%) = 396 (1 +0(1),

iy K 1,
arg (1- @0 (€ +i%)) = =576 - (1 +0(1)).
But 4/ /v — 0 by (2.10). Consequently,

arg (L= ¢'o (¢ +i5)) =0 (mpo (e +i7))

w(g+i%) = 22E 1+ o))

Thus,

Similarly,

u(6=i%) = 1O +o(1).

3° . Proposition 3.11.1 now follows from the next lemma.

LEMMA OF LANDIS. Let u be a bounded harmonic function on the half-strip I,
and let the function v on (R, 00) have the properties thaty > 0, v — 0, 7' /v — 0,

and [€7' /] < 2. Let (€ +i%) =v(§)(5 + o(1)) and u(§ —i%) = —y(§)(1 +o(1)).

Then there exists a constant 3 < w/2 such that the set of zeros of u near
infinity lies in the half-strip |n| < B and the function itself in the complement to
this half-strip exceeds by modulus CE~2 for some C > 0.

REMARK. It can be proved that this set approaches the ray n = 7/6 asymp-
totically as & — oo.

Proo¥F. For each & = & consider the rectangle
g, §o < Re( < 2&, [n| < /2.

In it we construct a harmonic function v¢, that will be less than v and will exceed
0562 in the rectangle

Hfo+: 776 [71-/27577(/2}’ 450/3§§<5£O/3
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for any sufficiently large & (o > «) and some C' > 0, ¢ > 0 not depending on &g.
This will imply the desired estimate for w in the half-strip n € [7/2—¢,7/2], £ > a.
It is possible similarly to construct a function we, > u estimating |u| from below
for n € [-7/2,—7m/2 + €], £ > a. This proves the lemma. Of the two analogous
constructions we describe only the first. Suppose that

a = minu, b= minu,
Gling Gl
€0 €0

and 81’[20 and (’91’[5J are the upper and lower sides of the rectangle Il¢ . Let for
brevity ve, = v. We will construct v as a solution of the following Dirichlet problem:

Av=0in1Ilg, vlyg+ =a, vlgg- =0.

o €0

On the vertical sides we set v equal to a continuous function f:

fl<C= SII}IPIUI, f(3)=a  f(=F)=0,
and f < ul{Re¢=co}U{Re¢=2¢,}- Then in the domain

Mg, : 460/3 <Re( < 58/3, |n| < m/2

the function v < u will be exponentially close to the linear function | = an + 3,
l(r/2) = a, l(—7/2) = b. Indeed, the difference w = v — [ is a harmonic function:

lw| < 2C, w|3nzr = wly- = 0.
0 30)

Solving the Dirichlet problem for w by the method of separation of variables, we
get that

= Z ay, sinmnn coshn(€ — %{0)
cosh(n&y/2)
Here a,, are the Fourier coefficients of the function f — 1 on [—7/2,7/2]. In the
domain TI¢, this function is less than C’ exp(—&y/6) for some € > 0 independent of
&o, since | f| < C, where C is independent of £. As indicated above, it follows from
the condition |€9//7| < 2 that |y| = C&~2 for some C > 0. Therefore, |a| > C’¢;?
and [b] > C’"EO_Q. Consequently, in the rectangle Il 4 for some 6 > 0

1>065% 6657 > C" exp(—£/6)
for sufficiently large &y. In this rectangle v > %fo_ 2, O

Proposition 1 in subsection D and Lemma 5 in subsection A have been proved
simultaneously. This completes the proof of Lemma 3.3.1. To prove the Phragmen-
Lindelof theorem , it remains to prove Proposition 3.3.1. O

x ok Xk

I. Proof of Proposition 3.3.1.

OF PROPOSITION 3.3.1. We proceed the same steps 1 — —4 as before. In fact,
this steps are already done: in Case 2°, in Section 3.9, in Case 3°, in Section 3.11.
So we need to make only a reference at this spot. But the proof of the effectiveness
of the preliminary estimate now concludes the arguments. Indeed, it implies that
the holomorphic function

G:F(N)oz/fl :Ct = C
grows no faster than an exponential in C*, and decreases faster than exp(—v¢)

for any v > 0 on a curve I'n, = ¥((R*,00)). This curve belongs to some sector
Sa, a € (0, %), because the map 1 is proper. Application of Corollary 3.1.4 implies:

Fvy =0,
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and concludes the proof of the statement of Phragmen-Lindelof theorem : F* =

0. Statement F! = 0 is proved in the same way, but with the use of the “plus-

realizations” F(Jlg) . O



